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Exotic arithmetic structure on the first Hurwitz triplet
Lei Yang
Abstract
We find that the first Hurwitz triplet possesses two distinct arithmetic structures.
As Shimura curves X1, X2, X3, whose levels are with norm 13. As non-congruence
modular curves Y1, Y2, Y3, whose levels are 7. Both of them are defined over Q(cos
2pi
7 ).
However, for the third non-congruence modular curve Y3, there exist an “exotic” duality
between the associated non-congruence modular forms and the Hilbert modular forms,
both of them are related to Q(e
2pii
13 )! Our results have relations and applications to mod-
ular equations of degree fourteen (including Jacobian modular equation and “exotic”
modular equation), “triality” of the representation of PSL(2, 13), Haagerup subfactor,
geometry of the exceptional Lie group G2, and even the Monster finite simple group M!
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1. Introduction
A classical theorem of Hurwitz asserts that a Riemann surface S of genus g > 1
can have at most 84(g − 1) automorphisms, and a group of order 84(g − 1) is the
automorphism group of some Riemann surface of genus g if and only if it is generated
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by an element of order two and one of order three such that their product has order seven.
In that case the quotient of S by the group is the Riemann sphere, and the quotient
map S → CP1 is ramified above only three points of CP1, with the automorphisms of
orders two, three, seven of S appearing as the deck transformations lifted from cycles
around the three branch points (see [El2]).
A Riemann surface with the maximal number 84(g− 1) of automorphisms, regarded
as an algebraic curve over C, is called a Hurwitz curve of genus g. Hurwitz curves can be
characterized in terms of their uniformization by the hyperbolic plane H. Any Riemann
surface S of genus greater than one can be identified with H/π1(S); conversely, any
discrete co-compact subgroup Γ ⊂ Aut(H) ∼= PSL(2,R) that acts freely on H (that
is, every point has trivial stabilizer) yields a Riemann surface H/Γ of genus greater
than one whose fundamental group is Γ. The automorphism group of H/Γ is N(Γ)/Γ,
where N(Γ) is the normalizer of Γ in Aut(H). It follows that H/Γ is a Hurwitz curve if
and only if N(Γ) is the triangle group G2,3,7 of orientation-preserving transformations
generated by reflections in the sides of a given hyperbolic triangle with angles pi2 ,
pi
3 ,
pi
7
in H. Equivalently, Γ is to be a normal subgroup of G2,3,7. Since G2,3,7 has the
presentation
G2,3,7 = 〈σ2, σ3, σ7 : σ22 = σ33 = σ77 = σ2σ3σ7 = 1〉
with σj being a 2π/j rotation about the π/j vertex of the triangle, this yields a char-
acterization of the groups that can occur as Aut(S) = G2,3,7/Γ. We can identify the
Hurwitz curves S with a Shimura curve by recognizing G2,3,7 as an arithmetic group in
PSL(2,R), and π1(S) with a congruence subgroup of G2,3,7 (see [El2]).
In the theory of Riemann surfaces, the first Hurwitz triplet is a triple of distinct
Hurwitz curves with the identical automorphism group of the lowest possible genus,
namely 14 (genera 3 and 7 admit a unique Hurwitz curve, respectively the Klein quartic
curve (see [K2]) and the Fricke-Macbeath curve (see [F] and [M1])). It was studied by
Shimura (see [Sh]) and Macbeath (see [M2]). The explanation for this phenomenon is
arithmetic. Namely, in the ring of integers of the real subfield Q(cos 2pi7 ) of the cyclotomic
field Q(e
2pii
7 ), the rational prime 13 splits as a product of three distinct prime ideals.
The principal congruence subgroups defined by the triplet of primes produce Fuchsian
groups corresponding to the triplet of Riemann surfaces. Each of the three Riemann
surfaces in the first Hurwitz triplet can be formed as a Fuchsian model, the quotient
of the hyperbolic plane by one of these three Fuchsian groups, which is just the model
of Shimura curves. We call it the standard arithmetic structure on the first Hurwitz
triplet.
In the present paper, we find that the first Hurwitz triplet possesses an exotic arith-
metic structure. Consequently, we give a different arithmetic explanation for this phe-
nomenon. Our main result is as follows:
Theorem 1.1. (Main Theorem). The first Hurwitz triplet possesses two distinct
arithmetic structures. The standard arithmetic structure: as Shimura curves X1, X2,
X3, whose levels are with norm 13. The exotic arithmetic structure: as non-congruence
3modular curves Y1, Y2, Y3, whose levels are 7. Both of them are defined over Q(cos
2pi
7 ).
However, for the third non-congruence modular curve Y3, there exist an “exotic” duality
between the associated non-congruence modular forms and the Hilbert modular forms,
both of them are related to Q(e
2pii
13 )!
In order to explain Theorem 1.1, let us recall that the list of all arithmetic subgroups
of PSL(2,R) is exhausted up to commensurability by Fuchsian groups derived from
quaternion algebras over totally real number fields (see [Ka]). If this field is Q and
the quaternion algebra is isomorphic to M2(Q), the full matrix algebra over Q, then
the quotient space H/Γ is not compact but has finite volume, and Γ is commensurable
with the modular group; in all other cases H/Γ is compact. Now, we need the following
theorem, which is a hyperbolic and slightly non-standard version of arithmeticity criteria
which in essence are due to Weil (see [L]). Namely:
Proposition 1.1. Let X be a smooth complex curve which can be written as a
quotient X ≃ H/G, where G ⊂ PSL(2,R) is commensurable with a Fuchsian triangular
group. Then X can be defined over a number field.
It may be useful to add Belyi theorem, which has to do with the converse of the
above statement. We state for clarity the corresponding hyperbolic version.
Proposition 1.2. (Hyperbolic unramified version of Belyi theorem). A
smooth complex curve X can be defined over a number field if and only if there exists
a finite set Z ⊂ X such that the affine curve Xˇ = X\Z is uniformized by a Fuchsian
group G ⊂ PSL(2,R) with G commensurable to PSL(2,Z).
Later on, we will use the other version of Belyi theorem. Let us recall that one
particular aspect of the modular group Γ = PSL(2,Z) is the balance (or rather the
lack of it) between its congruence and non-congruence subgroups (see [J]). Among the
arithmetic subgroups (those of finite index) in Γ, the congruence subgroups have proved
to be the most important and the most widely studied. Nevertheless, it has been
known for some time that, in a certain sense, most of the arithmetic subgroups of Γ
are non-congruence subgroups. One tends to regard congruence subgroups as, in some
vague sense, “known”, and it would make the study of Γ a great deal simpler if these
were the only arithmetic subgroups. However, as is often the case, low-dimensional
behavior is subtle, the modular group Γ = PSL(2,Z) is truly exceptional, and it does
indeed possess non-congruence subgroups. By comparison, all finite index subgroups of
PSL(n,Z), for n ≥ 3, are congruence! The arithmetic of non-congruence subgroups is
very interesting, because it is not encompassed in the Langlands program per se. We
will study the extraordinary phenomena exhibited by the non-congruence subgroups
and the connections with representation theory and modular forms. On the other hand,
Shimura curves and their higher-dimensional analogue-Shimura varieties are of central
importance in the Langlands program. It should be pointed out that when one pass from
congruence modular curves to Shimura curves, new difficulties arise due to the absence
of natural modular forms. In contrast with this fact, we can associate non-congruence
modular curves with non-congruence modular forms. The importance of finite index
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subgroups of Γ comes from the following:
Proposition 1.3. (The other version of Belyi theorem). Any smooth com-
pact complex projective curve defined over Q can be realized (in many ways) as a modular
curve for a finite index subgroup of Γ.
Belyi’s theorem tells us that, viewed simply as algebraic curves, non-congruence mod-
ular curves are very general, and that we should not expect them to have any special
arithmetic properties. On the other hand, the uniformization of non-congruence modu-
lar curves by the upper half-plane is quite special, and leads to surprising consequences.
By Belyi theorem, Shimura curves over totally real fields are also modular curves of
some finite index, often non-congruence, subgroups of Γ. In fact, for the Klein quartic
curve of genus three, Klein (see [K2]) found that the action of its automorphism group
PSL(2, 7) is defined over the field Q(e
2pii
7 ). In his paper [Sh], Shimura proved that
the model of Shimura curves and the model of congruence modular curves are complex
analytically isomorphic. Moreover, he found that both models have Q(e
2pii
7 ) as their
natural field of definition. For the Fricke-Macbeath curve of genus seven, besides the
realization of Shimura curves (see [Sh]), Wohlfahrt (see [W2]) gave the realization of
non-congruence modular curves with level seven. Macbeath (see [M1]) obtained the
canonical model for this curve, which is defined over the field Q(e
2pii
7 ).
In contrast to the Hurwitz curves with genera three and seven, we find that the
Hurwitz curves of genus fourteen possesses two distinct arithmetic structures. This is
the background of Theorem 1.1.
In order to prove Theorem 1.1. we construct a six-dimensional representation of the
simple group PSL(2, 13) of order 1092 on the five-dimensional projective space
P5 = {(z1, z2, z3, z4, z5, z6) : zi ∈ C (i = 1, 2, 3, 4, 5, 6)}.
In particular, this representation is defined over the cyclotomic field Q(e
2pii
13 ). More
precisely, put
S = − 1√
13

ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9 ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7
ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8
ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3 ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11
ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7 ζ − ζ12 ζ3 − ζ10 ζ9 − ζ4
ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8 ζ3 − ζ10 ζ9 − ζ4 ζ − ζ12
ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11 ζ9 − ζ4 ζ − ζ12 ζ3 − ζ10
 (1.1)
and
T =

ζ7
ζ11
ζ8
ζ6
ζ2
ζ5
 , (1.2)
5where ζ = exp(2πi/13). Let G = 〈S, T 〉. We prove that G ∼= PSL(2, 13). Furthermore,
we find three different kinds of representations of G as (2, 3, 7)-generated groups, which
correspond to the conjugacy classes 7A, 7B and 7C of G, respectively. Put
(2, 3, n; p) := 〈u, v : u3 = v2 = (uv)n = (u−1v−1uv)p = 1〉.
Now, we can give the results:
The first model: x31 = y
2
1 = (x1y1)
7 = 1, where
x1 = − 1√
13

ζ9 − ζ12 ζ11 − ζ7 ζ8 − ζ9 ζ7 − ζ5 ζ4 − ζ11 ζ4 − ζ12
ζ7 − ζ3 ζ3 − ζ4 ζ8 − ζ11 ζ10 − ζ4 ζ11 − ζ6 ζ10 − ζ8
ζ7 − ζ8 ζ11 − ζ ζ − ζ10 ζ12 − ζ7 ζ12 − ζ10 ζ8 − ζ2
ζ8 − ζ6 ζ2 − ζ9 ζ − ζ9 ζ4 − ζ ζ2 − ζ6 ζ5 − ζ4
ζ9 − ζ3 ζ7 − ζ2 ζ5 − ζ3 ζ6 − ζ10 ζ10 − ζ9 ζ5 − ζ2
ζ6 − ζ ζ3 − ζ ζ11 − ζ5 ζ6 − ζ5 ζ2 − ζ12 ζ12 − ζ3
 , (1.3)
y1 =

0 0 0 −ζ 0 0
0 0 0 0 −ζ9 0
0 0 0 0 0 −ζ3
ζ12 0 0 0 0 0
0 ζ4 0 0 0 0
0 0 ζ10 0 0 0
 . (1.4)
〈x1, y1〉 ∼= (2, 3, 7; 7).
The second model: x32 = y
2
2 = (x2y2)
7 = 1, where
x2 = − 1√
13

ζ9 − ζ10 ζ5 − ζ8 ζ − ζ10 ζ3 − ζ11 ζ11 − ζ9 ζ − ζ8
ζ9 − ζ12 ζ3 − ζ12 ζ6 − ζ7 ζ9 − ζ7 ζ − ζ8 ζ8 − ζ3
ζ2 − ζ11 ζ3 − ζ4 ζ − ζ4 ζ7 − ζ ζ3 − ζ11 ζ9 − ζ7
ζ2 − ζ10 ζ4 − ζ2 ζ5 − ζ12 ζ4 − ζ3 ζ8 − ζ5 ζ12 − ζ3
ζ6 − ζ4 ζ5 − ζ12 ζ10 − ζ5 ζ4 − ζ ζ10 − ζ ζ7 − ζ6
ζ12 − ζ6 ζ2 − ζ10 ζ6 − ζ4 ζ11 − ζ2 ζ10 − ζ9 ζ12 − ζ9
 , (1.5)
y2 = − 1√
13

ζ7 − ζ6 ζ8 − ζ5 ζ11 − ζ2 ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3
ζ8 − ζ5 ζ11 − ζ2 ζ7 − ζ6 ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9
ζ11 − ζ2 ζ7 − ζ6 ζ8 − ζ5 ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ
ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3 ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11
ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9 ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7
ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8
 . (1.6)
〈x2, y2〉 ∼= (2, 3, 7; 6).
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The third model: x33 = y
2
3 = (x3y3)
7 = 1, where
x3 = − 1√
13

ζ12 − ζ3 ζ6 − ζ5 ζ2 − ζ12 ζ5 − ζ11 ζ − ζ6 ζ − ζ3
ζ5 − ζ4 ζ4 − ζ ζ2 − ζ6 ζ9 − ζ ζ6 − ζ8 ζ9 − ζ2
ζ5 − ζ2 ζ6 − ζ10 ζ10 − ζ9 ζ3 − ζ5 ζ3 − ζ9 ζ2 − ζ7
ζ2 − ζ8 ζ7 − ζ12 ζ10 − ζ12 ζ − ζ10 ζ7 − ζ8 ζ11 − ζ
ζ12 − ζ4 ζ5 − ζ7 ζ11 − ζ4 ζ8 − ζ9 ζ9 − ζ12 ζ11 − ζ7
ζ8 − ζ10 ζ4 − ζ10 ζ6 − ζ11 ζ8 − ζ11 ζ7 − ζ3 ζ3 − ζ4
 , (1.7)
y3 = − 1√
13

ζ8 − ζ5 ζ4 − ζ8 ζ2 − ζ ζ4 − ζ6 ζ9 − ζ2 ζ − ζ6
ζ5 − ζ9 ζ7 − ζ6 ζ10 − ζ7 ζ9 − ζ2 ζ10 − ζ2 ζ3 − ζ5
ζ12 − ζ11 ζ6 − ζ3 ζ11 − ζ2 ζ − ζ6 ζ3 − ζ5 ζ12 − ζ5
ζ7 − ζ9 ζ11 − ζ4 ζ7 − ζ12 ζ5 − ζ8 ζ9 − ζ5 ζ11 − ζ12
ζ11 − ζ4 ζ11 − ζ3 ζ8 − ζ10 ζ8 − ζ4 ζ6 − ζ7 ζ3 − ζ6
ζ7 − ζ12 ζ8 − ζ10 ζ8 − ζ ζ − ζ2 ζ7 − ζ10 ζ2 − ζ11
 . (1.8)
〈x3, y3〉 ∼= (2, 3, 7; 13) with an extra condition (see Theorem 3.3).
Here, z1 = x
−1
1 y
−1
1 , z2 = x
−1
2 y
−1
2 and z3 = x
−1
3 y
−1
3 correspond to the conjugacy classes
7A, 7B and 7C, respectively. Moreover,
〈x1, y1〉 = 〈x2, y2〉 = 〈x3, y3〉 = G. (1.9)
It is well-known that the modular group Γ = PSL(2,Z) is generated by the following
linear fractional transformations: Tτ = τ + 1, Sτ = −1/τ . Let P = ST . Then
Pτ = −1/(τ +1). Here, S2 = P 3 = 1. Let φi : Γ→ PGL(6,C) be three representations
where
φi : S 7→ yi, P 7→ xi, T−1 7→ zi, (i = 1, 2, 3). (1.10)
Let Yi = H/Gi be the compactification of H/Gi where Gi = kerφi. Then
Γ/G1 ∼= Γ/G2 ∼= Γ/G3 ∼= PSL(2, 13). (1.11)
G1, G2 and G3 are non-congruence normal subgroups of level 7 of Γ. As a (2, 3, 7)-
generated group, by Riemann-Hurwitz formula, we have
2g − 2 = 1092
(
1− 1
2
− 1
3
− 1
7
)
. (1.12)
Hence g = 14, which is of genus of H/Gi for i = 1, 2, 3. Therefore, Y1, Y2 and Y3
must be Hurwitz curves. By Macbeath’s theorem (see Theorem 3.7), there are only
three Hurwitz curves with genus 14. Hence, Y1, Y2, Y3 must be complex analytically
isomorphic to X1, X2, X3. Note that X1, X2, X3 correspond to the conjugacy classes
7A, 7B, 7C, respectively, and Y1, Y2, Y3 also correspond to the conjugacy classes 7A,
77B, 7C, respectively. This implies that Yi is complex analytically isomorphic to Xi for
i = 1, 2, 3. By the result of Streit in [St], we show that the minimal fields of definition
for Y1, Y2 and Y3 are Q(cos
2pi
7 ).
Let
Q = − 1√
13

ζ7 − ζ9 ζ4 − ζ10 ζ2 − ζ7 ζ10 − 1 ζ8 − ζ4 ζ8 − ζ9
ζ5 − ζ11 ζ11 − ζ3 ζ10 − ζ12 ζ7 − ζ3 ζ12 − 1 ζ7 − ζ10
ζ12 − ζ4 ζ6 − ζ8 ζ8 − ζ ζ11 − ζ12 ζ11 − ζ ζ4 − 1
1− ζ3 ζ9 − ζ5 ζ4 − ζ5 ζ6 − ζ4 ζ9 − ζ3 ζ11 − ζ6
ζ10 − ζ6 1− ζ ζ3 − ζ6 ζ8 − ζ2 ζ2 − ζ10 ζ3 − ζ
ζ − ζ2 ζ12 − ζ2 1− ζ9 ζ − ζ9 ζ7 − ζ5 ζ5 − ζ12
 .
(1.13)
We find that Q7 = 1 and x3y3 = Q
3. Put
A0(z1, z2, z3, z4, z5, z6) = z1z4 + z2z5 + z3z6. (1.14)
Let H = y2 · S. Then 〈H, T 〉 ∼= Z13 ⋊ Z6. Hence, it is the maximal subgroup of order
78 of G with index 14. We find that A20 is invariant under the action of the maximal
subgroup 〈H, T 〉.
Theorem 1.2. (Exotic duality theorem). There exists an “exotic” duality be-
tween non-congruence modular forms and Hilbert modular forms, both of them are re-
lated to Q(ζ) : {
Qν(A0)
2, y3Q
ν(A0)
2
ν mod 7
}
=
{
T ν(A0)
2, ST ν(A0)
2
ν mod 13
}
(1.15)
The left hand side of (1.15) corresponds to (2, 3, 7; 13), the right hand side of (1.15)
corresponds to (2, 3, 13; 7). When we exchange the position of 7 and 13, we will get the
duality between the two representations of G. T ν(A0)
2, ST ν(A0)
2 for ν mod 13 give
a coset decomposition of G with respect to the maximal subgroup 〈H, T 〉. Therefore,
any symmetric polynomial of A20, ST
ν(A0)
2 for ν mod 13 gives an invariant polynomial
under the action of PSL(2, 13). By (1.15), we have that any symmetric polynomial of
Qν(A0)
2, y3Q
ν(A0)
2 for ν mod 7 also gives an invariant polynomial under the action
of PSL(2, 13). It is known that invariant polynomials correspond to modular forms.
The right hand side of (1.15) corresponds to the congruence subgroup Γ13,1 with type
(1, 13), the associated modular forms are Hilbert modular forms. However, the left
hand side of (1.15) corresponds to the non-congruence subgroup Γ7,7 with type (7, 7),
the associated modular forms are non-congruence modular forms! Therefore, (1.15)
gives a connection between congruence modular forms (Hilbert modular forms) and
non-congruence modular forms, both of them are related to the cyclotomic field Q(ζ)!
This complete the proof of Theorem 1.1.
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Our main results have relations and applications to modular equations of degree four-
teen (including Jacobian modular equation and “exotic” modular equation), “triality”
of the representation of PSL(2, 13), Haagerup subfactor, geometry of the exceptional
Lie group G2, and even the Monster finite simple group M!
It is well-known that the genus of the modular curve X0(p) = H/Γ0(p) for prime
p is zero if and only if p = 2, 3, 5, 7, 13. In his paper [K1], Klein studied the modular
equations of orders 2, 3, 5, 7, 13 with degrees 3, 4, 6, 8, 14, respectively. They are
the so-called Hauptmoduln (principal moduli). In [K], Klein investigated the modular
equation of degree six in connection with the Jacobian equation of degree six, which
can be used to solve the general quintic equation. In [K2] and [K3], he studied the
modular equation of degree eight in connection with the Jacobian equation of degree
eight, which can be used to solve the algebraic equation of degree eight with Galois
group PSL(2, 7). However, he did not investigate the last case, the modular equation
of degree fourteen. In this paper, we find the Jacobian equation of degree fourteen,
which corresponds to the modular equation of degree fourteen. Surprisingly, we find
the other “exotic” modular equation of degree fourteen, which does not correspond to
the Jacobian equation! As an application, we obtain the following quartic four-fold
(z3z
3
4+z1z
3
5+z2z
3
6)−(z6z31+z4z32+z5z33)+3(z1z2z4z5+z2z3z5z6+z3z1z6z4) = 0, (1.16)
which is invariant under the action of the simple group G. It is a higher-dimensional
counterpart of the Klein quartic curve (see [K2]) and the Klein cubic threefold (see
[K4]).
Note that the Hurwitz curves of genus 14 are are non-hyperelliptic. This leads us
to study their canonical models in P13 and the corresponding fourteen-dimensional
representation. We construct such a representation which is induced from our six-
dimensional representation.
The Jones polynomials arise from the study of subfactors. Subfactor theory is among
operator algebra theory one of the most influential subjects in the sense that it has
relations and applications to topology, representation theory, and quantum physics.
Some subfactors give rise to some quantum invariants of knots and links. Haagerup
discovered subfactors that are not associated to any other known objects like quantum
groups (see [AH]). According to [J2] and [J1]:“ These sporadic subfactors discovered by
Haagerup and others remain exotic creatures in the zoo, untouched by quantum groups
or any non-von Neumann algebras approach. Hence, it is a major challenge in the theory
to come up with an interpretation of these subfactors as members of a family related to
some other mathematical objects.” As an application, we give a connection between the
Haagerup modular data and our seven-dimensional representation of PSL(2, 13) which
has the “triality”!
The second application is concerned with geometry of the exceptional Lie group G2.
According to [B2]: “ There are very beautiful conjectural relations that the geometry of
G2 have ties in automorphic forms and all kinds of special geometry that, if the physicists
9were right, are just waiting there to be seen. But at the moment our techniques are far
too weak to be able to verify that claim”. We find that our invariant quadric
A20 + A1A5 + A2A3 + A4A6 = 0 (1.17)
is just Cartan’s Q5 ⊂ P6, the space of J-null lines in C7, the quotient variety G2/P1
which is isomorphic to a 5-dimensional quadric Q5 ⊂ P6 and the split Cayley hexagon
over C! This shows that these three geometric objects are modular, parameterized by
both Hilbert modular forms and con-congruence modular forms related to Q(ζ).
The third application is the relation between genus-zero subgroups (both congruence
subgroups and non-congruence subgroups) of the modular group and subgroups of the
Monster finite simple group M. In particular, we are interested in Γ0(13) and Γ7,7,
the quotient groups Γ/Γ(13) ∼= Γ/Gi ∼= PSL(2, 13) for i = 1, 2, 3. We construct the
following variety (see section six):
M := 7 · 132G20 +G1G12 +G2G11 + · · ·+G6G7 = 0. (1.18)
It is a twelve-dimensional PSL(2, 13)-invariant complex algebraic variety (i.e., twenty-
four-dimensional manifold) of degree four in the projective space
P13 = {(D0,D1, · · · ,D12,D∞)},
which is related to N(13B2), a maximal p-local subgroup of M.
This paper consists of six sections. Section two, section three and section four are
devoted to the proof of Theorem 1.1. Namely, in section two, we give the standard arith-
metic structure on the first Hurwitz triplet. In section three, we give a six-dimensional
representation of PSL(2, 13) defined over Q(e
2pii
13 ) and the exotic arithmetic structure
on the first Hurwitz triplet. In section four, we give a seven-dimensional representation
of PSL(2, 13) which induces from our six-dimensional representation and find the “tri-
ality” of the representation of PSL(2, 13). Consequently, we obtain Jacobian modular
equation of degree fourteen and find the “exotic” duality between non-congruence mod-
ular forms and Hilbert modular forms, both of them are related to Q(ζ). In section five,
we give applications of our results to the Haagerup subfactor and the geometry asso-
ciated to the exceptional Lie group G2. In section six, we give a fourteen-dimensional
representation of PSL(2, 13) associated to the canonical model of the first Hurwitz
triplet in P13, which also induces from our six-dimensional representation. By this rep-
resentation, we find the “exotic” modular equation of degree fourteen. Consequently,
we construct a twelve-dimensional PSL(2, 13)-invariant complex algebraic variety (i.e.,
24-dimensional manifold) of degree four which is related to a maximal p-local subgroup
of the Monster simple group M.
2. Standard arithmetic structure on the first Hurwitz triplet
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The existence of a quaternion algebra presentation for Hurwitz curves is due to
Shimura [Sh]. An explicit order was briefly described by Elkies in [El1] and in [El2].
We follow the concrete realization of G2,3,7 in terms of the group of elements of norm
one in an order of a quaternion algebra, given by Elkies in [El1] and [El2] (see [KSV]).
In this section, let K denote the real subfield of Q(ρ), where ρ is a primitive seventh
root of unity. Thus K = Q(η), where the element η = ρ+ ρ−1 satisfies the relation
η3 + η2 − 2η − 1 = 0.
There are three embeddings of K into R, defined by sending η to any of the three real
roots of the above equation, namely
2 cos
2π
7
, 2 cos
4π
7
, 2 cos
6π
7
.
We view the first embedding as the natural one K →֒ R, and denote the others by
σ1, σ2 : K → R. Note that 2 cos 2pi7 is a positive root, while the other two are negative.
Let D be the quaternion K-algebra K(i, j) with i2 = j2 = η, ji = −ij. Let O ⊂ D
be the order defined by O = OK [i, j], where OK is the ring of integers in K. Then
O ∼= Z[η][i, j]. Fix the element τ = 1 + η + η2, and define an element j′ ∈ D by setting
j′ = 12 (1 + ηi+ τj). We define a new order QHur ⊂ D by setting
QHur = Z[η][i, j, j′].
The group of elements of norm 1 in the order QHur, modulo the center {±1}, is isomor-
phic to the (2, 3, 7) group. Indeed, Elkies gave the elements
g2 =
1
η
ij,
g3 =
1
2
[
1 + (η2 − 2)j + (3− η2)ij] ,
g7 =
1
2
[
(τ − 2) + (2− η2)i+ (τ − 3)ij] ,
satisfying the relations g22 = g
3
3 = g
7
7 = −1 and g2 = g7g3, which therefore project to
generators of G2,3,7 ⊂ PSL(2,R).
Now, we can give the model of Shimura curves for the first Hurwitz triplet (see
[KSV]). In fact, one has
13 = η(η + 2)(2η − 1)(3− 2η)(η + 3),
where η(η + 2) is invertible. Hence,
13OK = (2η − 1)OK · (3− 2η)OK · (η + 3)OK . (2.1)
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The three prime ideals define a triplet of principal congruence subgroups as follows:
Q1Hur(I) = {x ∈ Q1Hur : x ≡ 1(mod IQHur)},
where I ⊂ OK is an ideal and Q1Hur is the group of elements of norm 1 in QHur. One
therefore obtains a triplet of distinct Hurwitz curves of genus 14. All of them have the
identical automorphism group PSL(2, 13) realized as the quotient
Q1Hur/Q1Hur(I) ∼= PSL(2, 13),
whose actions are defined over the real subfield Q(cos 2pi7 ) of the cyclotomic field Q(e
2pii
7 ).
3. Six-dimensional representations of PSL(2, 13) and
exotic arithmetic structure on the first Hurwitz triplet
Let us recall the Weil representation of SL2(Fp) (see [W]) which is modelled on
the space L2(Fp) of all complex valued functions on Fp where p is a prime. Denote by
L2(Fp) the p-dimensional complex vector space of all (square-integrable) complex valued
functions on Fp with respect to counting measure, that is, all functions from Fp to the
complex numbers. We can decompose L2(Fp) as the direct sum of the space V
+ of even
functions and the space V − of odd functions. The space V − has dimension (p − 1)/2
and its associated projective space P(V −) has dimension (p − 3)/2. In particular, for
p = 13, the Weil representation for SL(2, 13) is given as follows:
s =
(
0 −1
1 0
)
, t =
(
1 1
0 1
)
, h =
(
7 0
0 2
)
.
In this section, we will study the six-dimensional representation of the simple group
PSL(2, 13) of order 1092, which acts on the five-dimensional projective space
P5 = {(z1, z2, z3, z4, z5, z6) : zi ∈ C (i = 1, 2, 3, 4, 5, 6)}.
Let ζ = exp(2πi/13) and 
θ1 = ζ + ζ
3 + ζ9,
θ2 = ζ
2 + ζ6 + ζ5,
θ3 = ζ
4 + ζ12 + ζ10,
θ4 = ζ
8 + ζ11 + ζ7.
(3.1)
We find that 
θ1 + θ2 + θ3 + θ4 = −1,
θ1θ2 + θ1θ3 + θ1θ4 + θ2θ3 + θ2θ4 + θ3θ4 = 2,
θ1θ2θ3 + θ1θ2θ4 + θ1θ3θ4 + θ2θ3θ4 = 4,
θ1θ2θ3θ4 = 3.
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Hence, θ1, θ2, θ3 and θ4 satisfy the quartic equation
z4 + z3 + 2z2 − 4z + 3 = 0,
which can be decomposed as two quadratic equations(
z2 +
1 +
√
13
2
z +
5 +
√
13
2
)(
z2 +
1−√13
2
z +
5−√13
2
)
= 0
over the real quadratic field Q(
√
13). Therefore, the four roots are given as follows:
z1,2 =
1
2
−1 +√13
2
±
√
−13− 3√13
2
 = 1
4
(
−1−
√
13±
√
−26− 6
√
13
)
,
z3,4 =
1
2
−1−√13
2
±
√
−13 + 3√13
2
 = 1
4
(
−1 +
√
13±
√
−26 + 6
√
13
)
.
Note that
Re(θ1) = cos
2π
13
+ cos
6π
13
− cos 5π
13
> 0, Im(θ1) = sin
2π
13
+ sin
6π
13
− sin 5π
13
> 0.
We have
θ1 =
1
4
(
−1 +
√
13 +
√
−26 + 6
√
13
)
.
Similarly,
Re(θ2) < 0, Im(θ2) > 0, θ2 =
1
4
(
−1−
√
13 +
√
−26− 6
√
13
)
.
Re(θ3) > 0, Im(θ3) < 0, θ3 =
1
4
(
−1 +
√
13−
√
−26 + 6
√
13
)
.
Re(θ4) < 0, Im(θ4) < 0, θ4 =
1
4
(
−1−
√
13−
√
−26− 6
√
13
)
.
Moreover, we find that 
θ1 + θ3 + θ2 + θ4 = −1,
θ1 + θ3 − θ2 − θ4 =
√
13,
θ1 − θ3 − θ2 + θ4 = −
√
−13 + 2
√
13,
θ1 − θ3 + θ2 − θ4 =
√
−13− 2
√
13.
(3.2)
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Let
M =
 ζ − ζ12 ζ3 − ζ10 ζ9 − ζ4ζ3 − ζ10 ζ9 − ζ4 ζ − ζ12
ζ9 − ζ4 ζ − ζ12 ζ3 − ζ10
 , N =
 ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8
ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11
 .
(3.3)
Then MN = NM = −√13I and M2 +N2 = −13I. Put
S = − 1√
13
(−M N
N M
)
. (3.4)
Then S2 = I. In fact,
S = − 2i√
13

− sin 2pi13 − sin 6pi13 sin 5pi13 sin 3pi13 sin 4pi13 sin pi13
− sin 6pi
13
sin 5pi
13
− sin 2pi
13
sin 4pi
13
sin pi
13
sin 3pi
13
sin 5pi13 − sin 2pi13 − sin 6pi13 sin pi13 sin 3pi13 sin 4pi13
sin 3pi
13
sin 4pi
13
sin pi
13
sin 2pi
13
sin 6pi
13
− sin 5pi
13
sin 4pi13 sin
pi
13 sin
3pi
13 sin
6pi
13 − sin 5pi13 sin 2pi13
sin pi
13
sin 3pi
13
sin 4pi
13
− sin 5pi
13
sin 2pi
13
sin 6pi
13
 . (3.5)
Note that
sin 2pi
13
sin 5pi
13
sin 6pi
13
sin pi13 sin
3pi
13 sin
4pi
13
=
−
√
−13−3
√
13
2
−
√
−13+3
√
13
2
=
3 +
√
13
2
,
which is a fundamental unit of Q(
√
13). Let
T = diag(ζ7, ζ11, ζ8, ζ6, ζ2, ζ5). (3.6)
Theorem 3.1. Let G = 〈S, T 〉. Then G ∼= PSL(2, 13).
Proof. We have
ST = − 1√
13

ζ6 − ζ8 ζ8 − ζ ζ12 − ζ4 ζ11 − ζ ζ4 − 1 ζ11 − ζ12
ζ4 − ζ10 ζ2 − ζ7 ζ7 − ζ9 ζ8 − ζ4 ζ8 − ζ9 ζ10 − 1
ζ11 − ζ3 ζ10 − ζ12 ζ5 − ζ11 ζ12 − 1 ζ7 − ζ10 ζ7 − ζ3
ζ12 − ζ2 1− ζ9 ζ − ζ2 ζ7 − ζ5 ζ5 − ζ12 ζ − ζ9
ζ9 − ζ5 ζ4 − ζ5 1− ζ3 ζ9 − ζ3 ζ11 − ζ6 ζ6 − ζ4
1− ζ ζ3 − ζ6 ζ10 − ζ6 ζ2 − ζ10 ζ3 − ζ ζ8 − ζ2
 .
(3.7)
On the other hand,
(ST )−1 = T−1S
=− 1√
13

ζ5 − ζ7 ζ3 − ζ9 ζ10 − ζ2 ζ11 − ζ ζ8 − ζ4 ζ12 − 1
ζ12 − ζ5 ζ6 − ζ11 ζ − ζ3 ζ4 − 1 ζ8 − ζ9 ζ7 − ζ10
ζ9 − ζ ζ4 − ζ6 ζ2 − ζ8 ζ11 − ζ12 ζ10 − 1 ζ7 − ζ3
ζ12 − ζ2 ζ9 − ζ5 1− ζ ζ8 − ζ6 ζ10 − ζ4 ζ3 − ζ11
1− ζ9 ζ4 − ζ5 ζ3 − ζ6 ζ − ζ8 ζ7 − ζ2 ζ12 − ζ10
ζ − ζ2 1− ζ3 ζ10 − ζ6 ζ4 − ζ12 ζ9 − ζ7 ζ11 − ζ5
 .
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We will calculate (ST )2 = 113(aij). Without loss of generality, we will compute a1i,
i = 1, 2, 3, 4, 5, 6. Here,
a11 = −2ζ − 2ζ2 + 2ζ3 − 2ζ9 + 2ζ10 + 2ζ11 − ζ5 + ζ7.
By the identity
√
13 = ζ + ζ12 + ζ3 + ζ10 + ζ9 + ζ4 − ζ5 − ζ8 − ζ2 − ζ11 − ζ6 − ζ7, (3.8)
we have
(ζ5 − ζ7)
√
13 = 2ζ + 2ζ2 − 2ζ3 + 2ζ9 − 2ζ10 − 2ζ11 + ζ5 − ζ7.
Hence, a11 = −(ζ5 − ζ7)
√
13. Similarly,
a12 = −2ζ2 − 2ζ4 + 2ζ5 − 2ζ7 + 2ζ8 + 2ζ10 − ζ3 + ζ9 = −(ζ3 − ζ9)
√
13,
a13 = −2 + 2ζ3 + 2ζ5 − 2ζ7 − 2ζ9 + 2ζ12 + ζ2 − ζ10 = −(ζ10 − ζ2)
√
13,
a14 = 2 + 2ζ
4 + 2ζ5 − 2ζ7 − 2ζ8 − 2ζ12 + ζ11 − ζ = −(ζ11 − ζ)
√
13,
a15 = 2 + 2ζ + 2ζ
3 − 2ζ9 − 2ζ11 − 2ζ12 + ζ8 − ζ4 = −(ζ8 − ζ4)
√
13,
a16 = 2ζ − 2ζ2 + 2ζ4 − 2ζ8 + 2ζ10 − 2ζ11 + ζ12 − 1 = −(ζ12 − 1)
√
13.
The other terms can be calculated in the same way. In conclusion, we find that (ST )2 =
(ST )−1, i.e., (ST )3 = 1. Hence, we have
S2 = T 13 = (ST )3 = 1. (3.9)
Let u = ST and v = S. Then uv = STS. Hence,
u3 = v2 = (uv)13 = 1. (3.10)
According to [S], put
(2, 3, n; p) := 〈u, v : u3 = v2 = (uv)n = (u−1v−1uv)p = 1〉.
Let P = (uv)−1 and Q = (uv)2u. Then u = P 2Q and v = P 3Q. In [S], Sinkov proved
the following:
Theorem 3.2. (see [S]). Two operators of periods 2 and 3 generate the simple group
of order 1092 if and only if they satisfy one of the following sets of independent relations:
A : (2, 3, 7; 6),
B : (2, 3, 7; 7),
C : (2, 3, 7); (Q2P 6)3 = 1,
D : (2, 3, 13); (Q3P 4)3 = 1.
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In our case, P = ST−1S and Q = ST 3. We have
Q = − 1√
13

ζ7 − ζ9 ζ4 − ζ10 ζ2 − ζ7 ζ10 − 1 ζ8 − ζ4 ζ8 − ζ9
ζ5 − ζ11 ζ11 − ζ3 ζ10 − ζ12 ζ7 − ζ3 ζ12 − 1 ζ7 − ζ10
ζ12 − ζ4 ζ6 − ζ8 ζ8 − ζ ζ11 − ζ12 ζ11 − ζ ζ4 − 1
1− ζ3 ζ9 − ζ5 ζ4 − ζ5 ζ6 − ζ4 ζ9 − ζ3 ζ11 − ζ6
ζ10 − ζ6 1− ζ ζ3 − ζ6 ζ8 − ζ2 ζ2 − ζ10 ζ3 − ζ
ζ − ζ2 ζ12 − ζ2 1− ζ9 ζ − ζ9 ζ7 − ζ5 ζ5 − ζ12
 .
(3.11)
Q2 = − 1√
13

ζ3 − ζ8 1− ζ2 ζ3 − ζ9 ζ11 − ζ12 ζ8 − ζ11 1− ζ9
ζ − ζ3 ζ − ζ7 1− ζ5 1− ζ3 ζ8 − ζ4 ζ7 − ζ8
1− ζ6 ζ9 − ζ ζ9 − ζ11 ζ11 − ζ7 1− ζ ζ7 − ζ10
ζ − ζ2 ζ2 − ζ5 ζ4 − 1 ζ10 − ζ5 1− ζ11 ζ10 − ζ4
ζ10 − 1 ζ9 − ζ5 ζ5 − ζ6 ζ12 − ζ10 ζ12 − ζ6 1− ζ8
ζ6 − ζ2 ζ12 − 1 ζ3 − ζ6 1− ζ7 ζ4 − ζ12 ζ4 − ζ2
 . (3.12)
Q3 = − 1√
13

ζ11 − ζ ζ12 − ζ8 1− ζ ζ6 − ζ4 ζ4 − ζ11 1− ζ8
1− ζ9 ζ8 − ζ9 ζ4 − ζ7 1− ζ7 ζ2 − ζ10 ζ10 − ζ8
ζ10 − ζ11 1− ζ3 ζ7 − ζ3 ζ12 − ζ7 1− ζ11 ζ5 − ζ12
ζ9 − ζ7 ζ2 − ζ9 ζ5 − 1 ζ2 − ζ12 ζ − ζ5 1− ζ12
ζ6 − 1 ζ3 − ζ11 ζ5 − ζ3 1− ζ4 ζ5 − ζ4 ζ9 − ζ6
ζ6 − ζ ζ2 − 1 ζ − ζ8 ζ3 − ζ2 1− ζ10 ζ6 − ζ10
 . (3.13)
Q4 = − 1√
13

ζ12 − ζ2 ζ4 − 1 ζ2 − ζ3 ζ6 − ζ4 1− ζ7 ζ12 − ζ7
ζ5 − ζ ζ4 − ζ5 ζ10 − 1 ζ4 − ζ11 ζ2 − ζ10 1− ζ11
ζ12 − 1 ζ6 − ζ9 ζ10 − ζ6 1− ζ8 ζ10 − ζ8 ζ5 − ζ12
ζ9 − ζ7 ζ6 − 1 ζ6 − ζ ζ − ζ11 ζ9 − 1 ζ11 − ζ10
ζ2 − ζ9 ζ3 − ζ11 ζ2 − 1 ζ8 − ζ12 ζ9 − ζ8 ζ3 − 1
ζ5 − 1 ζ5 − ζ3 ζ − ζ8 ζ − 1 ζ7 − ζ4 ζ3 − ζ7
 .
(3.14)
Q5 = − 1√
13

ζ5 − ζ10 ζ10 − ζ12 ζ7 − 1 ζ11 − ζ12 1− ζ3 ζ11 − ζ7
ζ11 − 1 ζ6 − ζ12 ζ12 − ζ4 ζ8 − ζ11 ζ8 − ζ4 1− ζ
ζ4 − ζ10 ζ8 − 1 ζ2 − ζ4 1− ζ9 ζ7 − ζ8 ζ7 − ζ10
ζ − ζ2 ζ10 − 1 ζ6 − ζ2 ζ8 − ζ3 ζ3 − ζ ζ6 − 1
ζ2 − ζ5 ζ9 − ζ5 ζ12 − 1 ζ2 − 1 ζ7 − ζ ζ − ζ9
ζ4 − 1 ζ5 − ζ6 ζ3 − ζ6 ζ9 − ζ3 ζ5 − 1 ζ11 − ζ9
 .
(3.15)
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Q6 = − 1√
13

ζ4 − ζ6 ζ2 − ζ8 ζ9 − ζ ζ10 − 1 ζ7 − ζ3 ζ11 − ζ12
ζ3 − ζ9 ζ10 − ζ2 ζ5 − ζ7 ζ8 − ζ4 ζ12 − 1 ζ11 − ζ
ζ6 − ζ11 ζ − ζ3 ζ12 − ζ5 ζ8 − ζ9 ζ7 − ζ10 ζ4 − 1
1− ζ3 ζ10 − ζ6 ζ − ζ2 ζ9 − ζ7 ζ11 − ζ5 ζ4 − ζ12
ζ9 − ζ5 1− ζ ζ12 − ζ2 ζ10 − ζ4 ζ3 − ζ11 ζ8 − ζ6
ζ4 − ζ5 ζ3 − ζ6 1− ζ9 ζ7 − ζ2 ζ12 − ζ10 ζ − ζ8
 .
(3.16)
Q7 = 1. (3.17)
On the other hand,
P 4 = − 1√
13

ζ7 − 1 ζ2 − ζ7 ζ6 − ζ8 ζ2 − ζ11 ζ5 − ζ6 ζ8 − ζ11
ζ2 − ζ7 ζ11 − 1 ζ5 − ζ11 ζ7 − ζ8 ζ5 − ζ8 ζ6 − ζ2
ζ6 − ζ8 ζ5 − ζ11 ζ8 − 1 ζ2 − ζ5 ζ11 − ζ7 ζ6 − ζ7
ζ2 − ζ11 ζ7 − ζ8 ζ2 − ζ5 ζ6 − 1 ζ11 − ζ6 ζ7 − ζ5
ζ5 − ζ6 ζ5 − ζ8 ζ11 − ζ7 ζ11 − ζ6 ζ2 − 1 ζ8 − ζ2
ζ8 − ζ11 ζ6 − ζ2 ζ6 − ζ7 ζ7 − ζ5 ζ8 − ζ2 ζ5 − 1
 .
We have
Q3P 4 = − 1√
13

ζ7 − ζ5 ζ2 − ζ9 ζ10 − ζ5 ζ6 − ζ3 ζ3 − ζ7 ζ10 − ζ9
ζ12 − ζ6 ζ11 − ζ6 ζ5 − ζ3 ζ12 − ζ3 ζ2 − ζ ζ − ζ11
ζ6 − ζ ζ4 − ζ2 ζ8 − ζ2 ζ9 − ζ8 ζ4 − ζ ζ5 − ζ9
ζ10 − ζ7 ζ6 − ζ10 ζ4 − ζ3 ζ6 − ζ8 ζ11 − ζ4 ζ3 − ζ8
ζ10 − ζ ζ12 − ζ11 ζ2 − ζ12 ζ − ζ7 ζ2 − ζ7 ζ8 − ζ10
ζ5 − ζ4 ζ12 − ζ9 ζ4 − ζ8 ζ7 − ζ12 ζ9 − ζ11 ζ5 − ζ11
 ,
(Q3P 4)2 = − 1√
13

ζ8 − ζ6 ζ7 − ζ ζ12 − ζ7 ζ6 − ζ3 ζ12 − ζ3 ζ9 − ζ8
ζ4 − ζ11 ζ7 − ζ2 ζ11 − ζ9 ζ3 − ζ7 ζ2 − ζ ζ4 − ζ
ζ8 − ζ3 ζ10 − ζ8 ζ11 − ζ5 ζ10 − ζ9 ζ − ζ11 ζ5 − ζ9
ζ10 − ζ7 ζ10 − ζ ζ5 − ζ4 ζ5 − ζ7 ζ6 − ζ12 ζ − ζ6
ζ6 − ζ10 ζ12 − ζ11 ζ12 − ζ9 ζ9 − ζ2 ζ6 − ζ11 ζ2 − ζ4
ζ4 − ζ3 ζ2 − ζ12 ζ4 − ζ8 ζ5 − ζ10 ζ3 − ζ5 ζ2 − ζ8
 ,
and (Q3P 4)3 = −I. Note that in the projective coordinates, this means that (Q3P 4)3 =
1. Hence, we prove that the elements u and v above satisfy the following relations:
(2, 3, 13) and (Q3P 4)3 = 1, which is a presentation for the simple group PSL(2, 13) of
order 1092 by Theorem 3.2. Since the group is simple and the generating matrices are
non-trivial, we must have G = 〈u, v〉 ∼= PSL(2, 13). Hence, 〈P,Q〉 = 〈S, T 〉 = G. This
completes the proof of Theorem 3.1.
Theorem 3.3. Let x3 = QP
2 and y3 = Q
5P 2. Then 〈x3, y3〉 = G.
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Proof. We have
P 2 = − 1√
13

1− ζ ζ − ζ4 ζ3 − ζ12 ζ9 − ζ4 ζ12 − ζ10 ζ9 − ζ3
ζ − ζ4 1− ζ9 ζ9 − ζ10 ζ3 − ζ ζ3 − ζ10 ζ4 − ζ12
ζ3 − ζ12 ζ9 − ζ10 1− ζ3 ζ10 − ζ4 ζ − ζ9 ζ − ζ12
ζ9 − ζ4 ζ3 − ζ ζ10 − ζ4 1− ζ12 ζ12 − ζ9 ζ10 − ζ
ζ12 − ζ10 ζ3 − ζ10 ζ − ζ9 ζ12 − ζ9 1− ζ4 ζ4 − ζ3
ζ9 − ζ3 ζ4 − ζ12 ζ − ζ12 ζ10 − ζ ζ4 − ζ3 1− ζ10
 .
QP 2 = − 1√
13

ζ12 − ζ3 ζ6 − ζ5 ζ2 − ζ12 ζ5 − ζ11 ζ − ζ6 ζ − ζ3
ζ5 − ζ4 ζ4 − ζ ζ2 − ζ6 ζ9 − ζ ζ6 − ζ8 ζ9 − ζ2
ζ5 − ζ2 ζ6 − ζ10 ζ10 − ζ9 ζ3 − ζ5 ζ3 − ζ9 ζ2 − ζ7
ζ2 − ζ8 ζ7 − ζ12 ζ10 − ζ12 ζ − ζ10 ζ7 − ζ8 ζ11 − ζ
ζ12 − ζ4 ζ5 − ζ7 ζ11 − ζ4 ζ8 − ζ9 ζ9 − ζ12 ζ11 − ζ7
ζ8 − ζ10 ζ4 − ζ10 ζ6 − ζ11 ζ8 − ζ11 ζ7 − ζ3 ζ3 − ζ4
 .
(3.18)
(QP 2)2 = − 1√
13

ζ − ζ10 ζ8 − ζ9 ζ8 − ζ11 ζ11 − ζ5 ζ − ζ9 ζ5 − ζ3
ζ7 − ζ8 ζ9 − ζ12 ζ7 − ζ3 ζ6 − ζ ζ8 − ζ6 ζ9 − ζ3
ζ11 − ζ ζ11 − ζ7 ζ3 − ζ4 ζ3 − ζ ζ2 − ζ9 ζ7 − ζ2
ζ8 − ζ2 ζ4 − ζ12 ζ10 − ζ8 ζ12 − ζ3 ζ5 − ζ4 ζ5 − ζ2
ζ12 − ζ7 ζ7 − ζ5 ζ10 − ζ4 ζ6 − ζ5 ζ4 − ζ ζ6 − ζ10
ζ12 − ζ10 ζ4 − ζ11 ζ11 − ζ6 ζ2 − ζ12 ζ2 − ζ6 ζ10 − ζ9
 .
(QP 2)3 = I. (3.19)
Q5P 2 = − 1√
13

ζ8 − ζ5 ζ4 − ζ8 ζ2 − ζ ζ4 − ζ6 ζ9 − ζ2 ζ − ζ6
ζ5 − ζ9 ζ7 − ζ6 ζ10 − ζ7 ζ9 − ζ2 ζ10 − ζ2 ζ3 − ζ5
ζ12 − ζ11 ζ6 − ζ3 ζ11 − ζ2 ζ − ζ6 ζ3 − ζ5 ζ12 − ζ5
ζ7 − ζ9 ζ11 − ζ4 ζ7 − ζ12 ζ5 − ζ8 ζ9 − ζ5 ζ11 − ζ12
ζ11 − ζ4 ζ11 − ζ3 ζ8 − ζ10 ζ8 − ζ4 ζ6 − ζ7 ζ3 − ζ6
ζ7 − ζ12 ζ8 − ζ10 ζ8 − ζ ζ − ζ2 ζ7 − ζ10 ζ2 − ζ11
 .
(3.20)
(Q5P 2)2 = −I. (3.21)
Note that in the projective coordinates, this means that (Q5P 2)2 = 1.
Let P˜ = Q4 and Q˜ = P 2. By P 13 = Q7 = 1, we have
P˜ 7 = Q28 = 1, Q˜13 = P 26 = 1.
Put x3 = P˜
2Q˜ and y3 = P˜
3Q˜. Then
x3 = QP
2, y3 = Q
5P 2.
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By (QP 2)3 = 1 and (Q5P 2)2 = 1, we have x33 = y
2
3 = 1. Moreover,
x3y3 = QP
2 ·Q5P 2 = Q3 · (Q5P 2)2 = Q3.
Hence, (x3y3)
7 = 1. On the other hand,
(Q˜2P˜ 6)3 = (P 4Q3)3.
Note that (Q3P 4)3 = 1. This implies that (P 4Q3)3 = 1. Thus, x3 and y3 satisfy the
following relation: (2, 3, 7); (Q˜2P˜ 6)3 = 1. By Theorem 3.2, we have 〈x3, y3〉 = G. This
completes the proof of Theorem 3.3.
Let us present some details about G and its character table. For G, there are irre-
ducible characters of degrees
1, 7 (twice), 12 (3 times), 13, 14 (twice),
where the sum of squares of the degrees is the group order:
12 + 2 · 72 + 3 · 122 + 132 + 2 · 142 = 1092.
There are also irreducible characters of degrees
6 (twice), 12 (3 times), 14 (3 times),
where the sum of squares of the degrees is the group order:
2 · 62 + 3 · 122 + 3 · 142 = 1092.
The group G has order 1092, it has standard generators a and b of orders 2 and 3,
respectively, such that ab has order 13. In table 1, we reproduce from [CC] some of
the character table of G. In terms of the standard generators, representatives of the
conjugacy classes are listed in Table 2 (see [MM]).
Table 1. Some of the character table of PSL(2, 13)
1A 2A 3A 6A 7A 7B 7C 13A 13B
χ1 1 1 1 1 1 1 1 1 1
χ2 7 −1 1 −1 0 0 0 1−
√
13
2
1+
√
13
2
χ3 7 −1 1 −1 0 0 0 1+
√
13
2
1−
√
13
2
χ10 6 0 0 0 −1 −1 −1 −1+
√
13
2
−1−
√
13
2
χ11 6 0 0 0 −1 −1 −1 −1−
√
13
2
−1+
√
13
2
χ15 14 0 2 0 0 0 0 1 1
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Table 2. Representatives of the conjugacy classes of PSL(2, 13)
and the order of the normalizer of a representative
Conjugacy class Representative |NG(〈h〉)|
1A Identity 1092
2A (abababb)3 12
3A (abababb)2 12
6A abababb 12
7A ababb 14
7B (ababb)2 14
7C (ababb)4 14
13A ab 78
13B abab 78
We have
Tr(S) = 0, Tr(T ) =
−1−√13
2
, Tr(ST ) = 0. (3.22)
Hence, the above six-dimensional representation corresponds to the character χ11 in
Table 1. In terms of our six-dimensional representations of G, a = S, b = ST , ab = T .
abab2 = T 2ST, (abab2)2 = (T 2ST )2, (abab2)4 = (T 2ST )4.
Note that Q = ST 3, we have
abab2 = T 2QT−2, (abab2)2 = T 2Q2T−2, (abab2)4 = T 2Q4T−2.
We will give the other two six-dimensional representations of G: 〈x1, y1〉 and 〈x2, y2〉,
such that z1 = x
−1
1 y
−1
1 , z2 = x
−1
2 y
−1
2 and z3 = x
−1
3 y
−1
3 correspond to the conjugacy
classes 7A, 7B and 7C, respectively.
It is well-known that the modular group Γ = PSL(2,Z) is generated by the following
linear fractional transformations:
Tτ = τ + 1, Sτ = −1
τ
.
Let P = ST . Then
Pτ = − 1
τ + 1
.
Here, S2 = P 3 = 1. It is a discontinuous group acting on the upper half-plane H =
{τ ∈ C: Im τ > 0}, and has a fundamental domain F given by |τ | > 1, −1
2
≤ Re τ < 1
2
and |τ | = 1, −12 ≤ Re τ ≤ 0. The only fixed points in F of elliptic transformations of Γ
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are τ = i (fixed by S) and τ = ρ = e2pii/3 (fixed by P and P−1); the local uniformizing
variables are (τ − i)2 and (τ − ρ)3 respectively. In addition ∞ is fixed by the parabolic
transformation T . The vertical sides of the boundary of F are mapped into each other
by T and T−1, and the curved side into itself by S.
Now, we give some basic fact about subgroups of the modular group and permutations
(see [ASD)]. Suppose thatG is a subgroup of Γ of finite index µ. Then G has a connected
fundamental domain D consisting of µ copies of F , the transforms of F by a set of coset
representatives for G in Γ. If the elements of G conjugate in Γ to S and P form
respectively e2 and e3 conjugacy classes in G, then the boundary of F will have e2 and
e3 inequivalent fixed point vertices of orders 2 and 3 respectively. Suppose further that
every element of G conjugate in Γ to a nonzero power of T is conjugate in G to some
power of one of
Tµ1 , g2T
µ2g−12 , · · · , ghTµhg−1h , (in G)
where g1 = I, g2, · · · , gh are in Γ, and no gig−1j is inG. Then the boundary of F will have
h inequivalent parabolic fixed point vertices (called cusps) at ∞ and at g2∞, · · · , gh∞
which are rational points on the real axis. We then have
µ = µ1 + µ2 + · · ·+ µh
and
g = 1 +
µ
12
− h
2
− e2
4
− e3
3
,
where g is the genus of the Riemann surface H/G. Following Wohlfahrt [W1], we define
the level l of G to be the least common multiple of µ1, µ2, · · · , µh. We write GN for the
intersection of the conjugates of G in Γ, so that GN is the maximal normal subgroup of
Γ contained in G.
We consider permutations on µ letters named as the integers 1 to µ, where 1 is
specially distinguished. We say that a pair (s, p) of permutations is legitimate if s2 =
p3 = I and the group Σ generated by s and p is transitive. If σ is any element of
Tµ, we write (s, p) ∼ (σsσ−1, σpσ−1), and if σ is any element of Tµ fixing 1, we write
(s, p) ∼1 (σsσ−1, σpσ−1). Then we have
Theorem 3.4. (see [ASD]). There is a one-to-one correspondence between sub-
groups of index µ in the modular group and equivalence classes of legitimate pairs of
permutations (s, p) under the equivalence relation ∼1. If G is a subgroup and (s, p) a
representative of the corresponding equivalence class, then
(1) e2 and e3 are the number of letters fixed by s and p respectively,
(2) t = sp has h cycles of lengths µ1, · · · , µh, and µ1 is the length of the cycle
containing 1,
(3) Σ is isomorphic to the factor group Γ/GN ,
(4) G is maximal if and only if Γ is primitive.
21
In fact, the simple group PSL(2, 13) is a primitive group of degree 14 (see [Mi]).
Theorem 3.5. Let x1 = Q
6 ·PQ2P 10, y1 = PQ2P 10, x2 = Q5 ·Q5P 2 ·P 2Q6P 8 ·Q5P 2
and y2 = Q
5P 2 · P 2Q6P 8 ·Q5P 2. Then
G = 〈x1, y1〉 = 〈x2, y2〉.
Proof. In [S], Sinkov studied the group PSL(2, 13) of order 1092 as a permutation
group of degree 14 (see [S]), which we denote by G1092. The 91 elements of order two
contained in G1092 are all conjugate and it is sufficient to consider only one of them.
We choose it to be
s = (1, 12)(2, 11)(3, 10)(4, 9)(5, 8)(6, 7).
The largest subgroup of G1092 within which s is invariant is the dihedral group of order
12 generated by
(1, 4, 3, 12, 9, 10)(2, 8, 6, 11, 5, 7)
and
(1, 12)(2, 6)(3, 4)(7, 11)(9, 10)(13, 14).
Under this subgroup the 180 remaining elements of order three are divided up into 16
conjugate sets. Of these, two contain only six distinct elements each; the remaining 14
sets each contain 12 elements. In his paper [S], Sinkov gave below one member of each
of these sets together with the order of its product with s which we denote by ord(ps).
p1 = (1, 13, 10)(2, 3, 6)(4, 9, 11)(5, 12, 7), ord(p1s) = 6,
p2 = p
2
1, ord(p2s) = 6,
p3 = (2, 10, 4)(11, 13, 5)(3, 6, 7)(8, 12, 9), ord(p3s) = 6,
p4 = p
2
3, ord(p4s) = 6.
p5 = (3, 10, 12)(4, 6, 13)(5, 11, 8)(14, 9, 7), ord(p5s) = 3,
p6 = p
2
5, ord(p6s) = 3.
p7 = (2, 11, 14)(3, 4, 8)(5, 9, 10)(6, 13, 7), ord(p7s) = 2,
p8 = (1, 13, 12)(9, 4, 14)(3, 8, 6)(5, 10, 7), ord(p8s) = 2,
p9 = (2, 8, 9)(4, 14, 13)(5, 10, 6)(7, 12, 11), ord(p9s) = 7,
p10 = (2, 7, 8)(3, 10, 11)(5, 13, 9)(6, 12, 14), ord(p10s) = 13.
p11 = (2, 3, 4)(6, 9, 11)(7, 12, 14)(8, 10, 13), ord(p11s) = 7,
p12 = p
2
11, ord(p12s) = 7,
p13 = (2, 14, 5)(3, 9, 13)(4, 7, 11)(8, 10, 12), ord(p13s) = 7,
p14 = p
2
13, ord(p14s) = 7.
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p15 = (1, 10, 6)(3, 8, 9)(4, 11, 12)(7, 13, 14), ord(p15s) = 7,
p16 = (1, 10, 4)(3, 6, 14)(5, 12, 8)(9, 13, 11), ord(p16s) = 13.
Since no group satisfying the relations (2, 3, 6) is simple, it is obvious that none of
the first eight of the above elements when coupled with s will generate the entire group.
p12 and p14 satisfy with s the same defining relations as do p11 and p13, respectively.
p9 is transformed into p15 by the substitution
(1, 2)(3, 5)(4, 7)(6, 9)(8, 10)(11, 12)(13, 14)
which is commutative with s. Similarly p10 is transformed into p16 by
(1, 7, 10, 5, 9, 11, 12, 6, 3, 8, 4, 2)
which is also commutative with s. Hence there remain only p9, p10, p11 and p13 to be
considered. The orders of the commutators of p9, p11 and p13 with s are respectively
13, 6, 7.
Let [a, b] := a−1b−1ab. We have
p11s = (1, 12, 14, 6, 4, 11, 7)(2, 10, 13, 5, 8, 3, 9),
[p11, s] = (1, 14, 12, 4, 13, 9)(3, 7, 6, 10, 8, 5).
Hence,
〈p11, s〉 ∼= (2, 3, 7; 6).
p13s = (1, 12, 5, 11, 9, 13, 10)(2, 14, 8, 3, 4, 6, 7),
[p13, s] = (1, 5, 8, 12, 4, 14, 9)(2, 3, 10, 11, 7, 13, 6).
Hence,
〈p13, s〉 ∼= (2, 3, 7; 7).
p9s = (1, 12, 2, 5, 3, 10, 7)(4, 14, 13, 9, 11, 6, 8),
[p9, s] = (1, 2, 14, 11, 12, 8, 6, 10, 4, 9, 3, 7, 5).
Hence,
〈p9, s〉 ∼= (2, 3, 7; 13).
p10s = (1, 12, 14, 7, 5, 13, 4, 9, 8, 11, 10, 2, 6),
[p10, s] = (1, 14, 12, 5, 9, 4, 8)(2, 13, 11, 3, 6, 7, 10).
Hence,
〈p10, s〉 ∼= (2, 3, 13; 7).
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Let
ψ : p9 7→ QP 2, s 7→ Q5P 2.
Then ψ(p9s) = Q
3. The map ψ is an isomorphism between the groups 〈p9, s〉 and
〈QP 2, Q5P 2〉 = G. From now on, we assume that p9 = QP 2 and s = Q5P 2. Hence,
Q = (p9s)
5 = (1, 10, 5, 12, 7, 3, 2)(4, 6, 9, 14, 8, 11, 13),
P = [(p9s)
−5p9]7 = (1, 6, 8, 14, 13, 2, 7, 3, 11, 12, 9, 10, 5).
We have
y1 := PQ
2P 10 = (2, 8)(3, 4)(5, 12)(7, 9)(10, 14)(11, 13), (3.23)
which is of order two, and
x1 := Q
6 · PQ2P 10 = (1, 8, 10)(2, 4, 11)(3, 9, 6)(5, 14, 7), (3.24)
which is of order three. Then x1y1 = Q
6 with order 7, and
[x1, y1] = (1, 9, 13, 8, 2, 11, 7)(3, 4, 14, 5, 6, 12, 10), (3.25)
which is of order 7. On the other hand,
P 2Q6P 8 = (1, 10)(2, 6)(4, 5)(7, 9)(8, 14)(11, 12).
y2 := Q
5P 2 · P 2Q6P 8 ·Q5P 2 = (1, 2)(3, 12)(4, 6)(5, 14)(7, 11)(8, 9), (3.26)
which is of order two, and
x2 := Q
5 ·Q5P 2 · P 2Q6P 8 ·Q5P 2 = (1, 12, 10)(2, 11, 5)(4, 7, 14)(6, 13, 9), (3.27)
which is of order three. Then x2y2 = Q
5 with order 7, and
[x2, y2] = (1, 2, 6, 9, 8, 4)(3, 10, 12, 7, 13, 11), (3.28)
which is of order 6. By Theorem 3.2, we have
〈x1, y1〉 = 〈x2, y2〉 = G.
In the form of matrices defined over Q(ζ), we have
PQ2P 10 =

0 0 0 −ζ 0 0
0 0 0 0 −ζ9 0
0 0 0 0 0 −ζ3
ζ12 0 0 0 0 0
0 ζ4 0 0 0 0
0 0 ζ10 0 0 0
 . (3.29)
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Q6 · PQ2P 10
=− 1√
13

ζ9 − ζ12 ζ11 − ζ7 ζ8 − ζ9 ζ7 − ζ5 ζ4 − ζ11 ζ4 − ζ12
ζ7 − ζ3 ζ3 − ζ4 ζ8 − ζ11 ζ10 − ζ4 ζ11 − ζ6 ζ10 − ζ8
ζ7 − ζ8 ζ11 − ζ ζ − ζ10 ζ12 − ζ7 ζ12 − ζ10 ζ8 − ζ2
ζ8 − ζ6 ζ2 − ζ9 ζ − ζ9 ζ4 − ζ ζ2 − ζ6 ζ5 − ζ4
ζ9 − ζ3 ζ7 − ζ2 ζ5 − ζ3 ζ6 − ζ10 ζ10 − ζ9 ζ5 − ζ2
ζ6 − ζ ζ3 − ζ ζ11 − ζ5 ζ6 − ζ5 ζ2 − ζ12 ζ12 − ζ3
 .
(3.30)
P 2Q6P 8 = − 1√
13

ζ8 − ζ5 ζ12 − ζ3 ζ4 − ζ3 ζ2 − ζ4 ζ12 − ζ5 ζ10 − ζ2
ζ10 − ζ ζ7 − ζ6 ζ4 − ζ ζ12 − ζ5 ζ5 − ζ10 ζ4 − ζ6
ζ10 − ζ9 ζ12 − ζ9 ζ11 − ζ2 ζ10 − ζ2 ζ4 − ζ6 ζ6 − ζ12
ζ9 − ζ11 ζ8 − ζ ζ11 − ζ3 ζ5 − ζ8 ζ − ζ10 ζ9 − ζ10
ζ8 − ζ ζ3 − ζ8 ζ7 − ζ9 ζ3 − ζ12 ζ6 − ζ7 ζ9 − ζ12
ζ11 − ζ3 ζ7 − ζ9 ζ − ζ7 ζ3 − ζ4 ζ − ζ4 ζ2 − ζ11
 .
Q5P 2 · P 2Q6P 8 ·Q5P 2
=− 1√
13

ζ7 − ζ6 ζ8 − ζ5 ζ11 − ζ2 ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3
ζ8 − ζ5 ζ11 − ζ2 ζ7 − ζ6 ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9
ζ11 − ζ2 ζ7 − ζ6 ζ8 − ζ5 ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ
ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3 ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11
ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9 ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7
ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8
 .
(3.31)
Q5 ·Q5P 2 · P 2Q6P 8 ·Q5P 2
=− 1√
13

ζ9 − ζ10 ζ5 − ζ8 ζ − ζ10 ζ3 − ζ11 ζ11 − ζ9 ζ − ζ8
ζ9 − ζ12 ζ3 − ζ12 ζ6 − ζ7 ζ9 − ζ7 ζ − ζ8 ζ8 − ζ3
ζ2 − ζ11 ζ3 − ζ4 ζ − ζ4 ζ7 − ζ ζ3 − ζ11 ζ9 − ζ7
ζ2 − ζ10 ζ4 − ζ2 ζ5 − ζ12 ζ4 − ζ3 ζ8 − ζ5 ζ12 − ζ3
ζ6 − ζ4 ζ5 − ζ12 ζ10 − ζ5 ζ4 − ζ ζ10 − ζ ζ7 − ζ6
ζ12 − ζ6 ζ2 − ζ10 ζ6 − ζ4 ζ11 − ζ2 ζ10 − ζ9 ζ12 − ζ9
 .
(3.32)
This completes the proof of Theorem 3.5.
By the above argument, we find that as a permutation group of degree 14, PSL(2, 13)
has four presentations: (2, 3, 7; 6), (2, 3, 7; 7), (2, 3, 7; 13) and (2, 3, 13; 7). In each case,
t = sp has h = 2 cycles of lengths µ1 and µ2. For the representations of Sinkov: s,
p9, p10, p11 and p13, we have e2 = 2 and e3 = 2. On the other hand, for our three
representations: 〈xi, yi〉 (i = 1, 2, 3), we also have e2 = e3 = 2. There are four cases:
(1) PSL(2, 13) ∼= (2, 3, 13; 7). Here, µ = 14, h = 2, e2 = e3 = 2, µ1 = 13, µ2 = 1.
Hence, l = 13.
(2) PSL(2, 13) ∼= (2, 3, 7; 6). Here, µ = 14, h = 2, e2 = e3 = 2, µ1 = 7, µ2 = 7.
Hence, l = 7.
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(3) PSL(2, 13) ∼= (2, 3, 7; 7). Here, µ = 14, h = 2, e2 = e3 = 2, µ1 = 7, µ2 = 7.
Hence, l = 7.
(4) PSL(2, 13) ∼= (2, 3, 7; 13). Here, µ = 14, h = 2, e2 = e3 = 2, µ1 = 7, µ2 = 7.
Hence, l = 7.
In the notation of [ASD], the first case corresponds to the congruence subgroup Γ13,1
which is just Γ0(13), the last three cases correspond to the noncongruence subgroup
Γ7,7. In all of these cases, we have
g = 1 +
14
12
− 2
2
− 2
4
− 2
3
= 0, (3.33)
i.e., g(H/Γ13,1) = g(H/Γ7,7) = 0. By the above theorem, we have
Γ/Γ(13) ∼= Γ/ΓN7,7 ∼= PSL(2, 13), (3.34)
where Γ(13) = Γ0(13)
N . Moreover, Γ0(13) and Γ7,7 are maximal.
In [N], Newman studied the maximal normal subgroups G of the modular group
Γ; i.e. those normal subgroups G such that Γ/G is simple. The principal congruence
subgroups Γ(p) of prime level p > 3 are such groups, since
Γ/Γ(p) ∼= PSL(2, p).
However, these are not the only groups with quotient groups isomorphic to PSL(2, p).
Newman showed that for a given p there are in general many normal subgroups G of
different levels such that
Γ/G ∼= PSL(2, p).
Furthermore, those of level 6= p are not congruence groups. It is well known that Γ
contains infinitely many normal subgroups of finite index which are not congruence
groups. However, all of these groups have the common feature that they are lattice
subgroups (in Rankin’s terminology) of some normal congruence group, and so are not
maximal. Newman’s result implies that Γ contains infinitely many maximal normal
subgroups of finite index which are not congruence groups, a somewhat surprising fact.
More precisely, Newman proved the following:
Theorem 3.6. (see [N]). Suppose that the positive integer n satisfies
(1) n = p or n|(p± 1)/2,
(2) (n, 6) = 1,
(3) n > 5.
Then there are elements A,B ∈ PSL(2, p) such that A is of period 2, B is of period 3,
AB is of period n, and PSL(2, p) = 〈A,B〉. Suppose that n satisfies conditions (1), (2),
(3). Then there is a maximal normal subgroup Gn of Γ such that Gn is of level n, and
Γ/Gn ∼= PSL(2, p).
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In fact, Newman constructed the homomorphism φn : Γ→ PSL(2, p) defined by
φn : S 7→ A, ST 7→ B,
where S =
(
0 −1
1 0
)
and T =
(
1 1
0 1
)
, is actually a homomorphism of Γ onto
PSL(2, p). Let Gn be the kernel of φn. Then Gn is a normal subgroup of Γ and
Γ/Gn ∼= PSL(2, p). Since PSL(2, p) is simple, Gn is a maximal normal subgroup of
Γ. Furthermore the level of Gn, which is the exponent of T modulo Gn, is just n since
φn : T 7→ AB and AB is of period n. The groups Gn are certainly distinct, being
of different levels, but are all of index 12p(p
2 − 1) in Γ with common quotient group
PSL(2, p).
In our case, p = 13 and n = 7 satisfy conditions (1), (2), (3) and n 6= p. The group
G7 described by the above theorem is thus a maximal normal subgroup of Γ of index
1092, and we need only show that G7 is not a congruence group. Suppose the contrary.
Then G7, being of level 7, would have to contain the principal congruence subgroup
Γ(7), by Wohlfahrt’s theorem [W1]. This would imply that (Γ : G7)|(Γ : Γ(7)), or that
1092|168. But this is false. Thus, G7 is a noncongrunce group.
We will show that for ΓN7,7 or G7 with p = 13, there are three noncongruence sub-
groups G1, G2, G3 associated with it. Let zi = x
−1
i y
−1
i (i = 1, 2, 3). Then
y2i = x
3
i = z
7
i = yixizi = 1. (3.35)
Note that
z1 = PQ
2P 10 ·Q · PQ2P 10,
z2 = (Q
5P 2 · P 2Q6P 8 ·Q5P 2) ·Q2 · (Q5P 2 · P 2Q6P 8 ·Q5P 2),
z3 = Q
5P 2 ·Q4 ·Q5P 2,
(3.36)
where PQ2P 10, Q5P 2 · P 2Q6P 8 · Q5P 2 and Q5P 2 are three involutions. Hence, z1 is
conjugate to Q, z2 is conjugate to Q
2 and z3 is conjugate to Q
4, i.e., z1, z2 and z3
are of type 7A, 7B and 7C, respectively. Thus, we get a correspondence between the
presentations of G and conjugacy classes of G:
(2, 3, 7; 7)←→ 7A, (2, 3, 7; 6)←→ 7B, (2, 3, 7; 13)←→ 7C. (3.37)
A smooth complex projective curve of genus g is a Hurwitz curve if its automorphism
group attains the maximum order 84(g − 1). A group that can be realized as the
automorphism group of a Hurwitz curve is called a Hurwitz group. Let p ∈ Z be a
prime and let q = pn. In [M2], Macbeath proved the following theorem.
Theorem 3.7. (see [M2]). The finite group PSL(2, q) is a Hurwitz group if:
(1) q = 7;
(2) q = p ≡ ±1 mod 7;
(3) q = p3, where p ≡ ±2 or ±3 mod 7,
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and for no other values of q. In cases (1) and (3) there is only one normal torsion free
subgroup of the triangle group G2,3,7 with quotient PSL(2, q). In case (2) there are three
different such subgroups leading to three non-isomorphic Riemann surfaces X1, X2, X3
with PSL(2, q) acting as a Hurwitz group of conformal automorphisms.
It is well known that there is a one-to-one correspondence between the equivalence
classes of compact Riemann surfaces and the equivalence classes of algebraic curves.
It is also true that compact Riemann surfaces of genus g > 1 with large automor-
phism groups (in other words those Riemann surfaces with surface groups which are
normally contained in some triangle group) correspond to algebraic curves defined over
Q. Therefore we have a natural action of Gal(Q/Q) on these Riemann surfaces. For
a Hurwitz curve X , one can consider the moduli field of X , i.e. the fixed field of
{σ ∈ Gal(Q/Q) : X ∼= Xσ}. In his paper [St], Streit proved the following:
Theorem 3.8. (see [St]). In cases (1) and (3), Q is the moduli field and hence
a minimal field of definition of the Hurwitz curves with PSL(2, q) acting as group of
conformal automorphisms. In case (2) the moduli field of X1, X2, X3 is Q(ζ7 + ζ
−1
7 ),
ζ7 := exp(2πi/7). There are elements σ, τ ∈ Gal(Q/Q) such that X1 ∼= Xσ2 ∼= Xτ3 .
Let G2,3,7 be the triangle group of orientation-preserving transformations generated
by reflections with angles π/2, π/3 and π/7, respectively, in H. Recall that G2,3,7 has
a presentation given by
G2,3,7 = 〈t, u, v : t2 = u3 = v7 = tuv = 1〉.
What Macbeath proved in [M2] is that there are three group homomorphisms
qi : G2,3,7 ։ G
such that qi(v), with i = 1, 2, 3, belong to three different conjugacy classes of G (in
fact, the conjugacy classes 7A, 7B and 7C are fixed under the action of Aut(G)). As
compact Riemann surfaces, we have Xi = H/Ni with Ni = ker(qi) and H is the universal
covering of H/Ni. Thus, up to the permutation of three prime ideals, the Shimura curve
realizations of the first Hurwitz triplet, which we denote by X1, X2 and X3, correspond
to the conjugacy classes 7A, 7B and 7C, respectively. Now, we give the other realizations
as noncongruence modular curves.
Let φi : Γ→ PGL(6,C) be three representations where
φi : S 7→ yi, ST 7→ xi, T−1 7→ zi, (i = 1, 2, 3). (3.38)
Let Yi = H/Gi be the compactification of H/Gi where Gi = kerφi. Then
Γ/G1 ∼= Γ/G2 ∼= Γ/G3 ∼= PSL(2, 13). (3.39)
G1, G2 and G3 are non-congruence normal subgroups of level 7 of Γ. Note that, as a
(2, 3, 13)-generated group, by Riemann-Hurwitz formula, we have
2g − 2 = 1092
(
1− 1
2
− 1
3
− 1
13
)
. (3.40)
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Hence, g = 50, which is the genus of the modular curve X(13). As a (2, 3, 7)-generated
group, by Riemann-Hurwitz formula, we have
2g − 2 = 1092
(
1− 1
2
− 1
3
− 1
7
)
. (3.41)
Hence g = 14, which is of genus of H/Gi for i = 1, 2, 3. Therefore, Y1, Y2 and Y3 must
be Hurwitz curves.
Following Wohlfahrt’s paper [W2], we can give the other approach to compute the
genus of Yi. Let Φ be a subgroup of finite index m in Γ and X the associated Riemann
surface of genus g and Hurwitz characteristic χ = 2g − 2. Then
6χ = m− 6h− 3e2 − 4e3,
where h denotes the number of classes of parabolic, and ek the number of classes of
elliptic fixed points, of order k, of Φ. In our case, m = 1092, e2 = 0, e3 = 0, h = 156.
Hence, χ = 26, g = 14.
By Theorem 3.7, there are only three Hurwitz curves with genus 14. Hence, Y1, Y2, Y3
must be complex analytically isomorphic to X1, X2, X3. Note that X1, X2, X3 corre-
spond to the conjugacy classes 7A, 7B, 7C, respectively, and Y1, Y2, Y3 also correspond
to the conjugacy classes 7A, 7B, 7C, respectively. This implies that Yi is complex
analytically isomorphic to Xi for i = 1, 2, 3.
It is known that (see [St]) the special linear groups PSL(2, q), q = pn 6= 9, prime
p > 2, may be generated by two elements PSL(2, q) = 〈g0, g1〉, such that g0 is an
involution and g1 is of order three. In order to be a Hurwitz group, it is necessary and
sufficient that one can choose the pair g0, g1 such that g∞ := (g0g1)−1 has order 7,
i.e. there is a surjective homomorphism ϕ from the triangle group G2,3,7 to PSL(2, q)
preserving the orders of the generators. We always assume this homomorphism ϕ to
be realized by defining the image of three anti-clockwise rotations γ0, γ1, γ∞ around
the non-accidental vertices of a canonical fundamental domain of G2,3,7, by ϕ(γi) = gi,
i = 0, 1,∞. The kernel Γ = ker(ϕ) defines a surface group Γ ⊳ G2,3,7 and a Riemann
surface X = Γ\H, where Aut(X) = PSL(2, q) and H is the upper half plane.
Theorem 3.9. (see [St], Theorem 3). Assume n ∈ N, n > 6 and prime p ≥ 13.
Let p ≡ ±1 mod n and ψ : (2, 3, n) −→ PSL(2, p) an epimorphism which maps γ0, γ1,
γ∞ to g0, g1, g∞ and which preserves the orders of the generators of (2, 3, n). Then
ker(ψ)\H is a Riemann surface defined over Q(ζn+ζ−1n ) as a minimal field of definition
with ζn := exp(2πi/n). There are exactly ϕ(n)/2 non-biholomorphically equivalent but
Gal(Q/Q)-conjugate Riemann surfaces which can be constructed in this manner, where
ϕ is the Euler ϕ-function.
The constructed epimorphisms lead to biholomorphically equivalent Riemann sur-
faces when replacing (2, 3, n) by (2, 3,∞). Therefore the kernel of these epimorphisms
are then subgroups of the modular group. As Macbeath pointed out that they can not
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be congruence subgroups. Therefore, in [St] Streit constructed the Galois orbit of quite
a few normal non-congruence subgroups and their minimal field of definition.
In our case, n = 7, p = 13. The kernel of our three epimorphisms are non-congruence
subgroups of level 7. Their minimal field of definition is Q(cos 2pi7 ).
In [V], Vogeler calculated the systoles for the first Hurwitz triplet. Now, we give a
connection between his results and our three models. For genus 14A, which corresponds
to our second model, i.e., the presentation (2, 3, 7; 6), the length spectrum n = 6, the
systole is 5.903919373, the number of systolic loops is 91. For genus 14B, which corre-
sponds to our first model, i.e., the presentation (2, 3, 7; 7), the length spectrum n = 7,
the systole is 6.887905935, the number of systolic loops is 78. For genus 14C, which
corresponds to our third model, i.e., the presentation (2, 3, 7; 13), the length spectrum
n = 3, the systole is 6.393315042, the number of systolic loops is 364.
Recall that the theta functions with characteristic
[
ǫ
ǫ′
]
∈ R2 is defined by the fol-
lowing series which converges uniformly and absolutely on compact subsets of C × H
(see [FK], p. 73):
θ
[
ǫ
ǫ′
]
(z, τ) =
∑
n∈Z
exp
{
2πi
[
1
2
(
n+
ǫ
2
)2
τ +
(
n+
ǫ
2
)(
z +
ǫ′
2
)]}
.
The modified theta constants is defined by (see [FK], p. 215)
ϕl(τ) = θ[χl](0, kτ),
where the characteristic χl =
[
2l+1
k
1
]
, l = 0, · · · , k−32 , for odd k and χl =
[
2l
k
0
]
,
l = 0, · · · , k2 , for even k. We have the following:
Theorem 3.10. (see [FK], p. 236). For each odd integer k ≥ 5, the map
Φ : τ 7→ (ϕ0(τ), ϕ1(τ), · · · , ϕ k−5
2
(τ), ϕ k−3
2
(τ))
from H ∪Q ∪ {∞} to C k−12 , defines a holomorphic mapping from H/Γ(k) into CP k−32 .
In our case, k = 13, the map
Φ : τ 7→ (ϕ0(τ), ϕ1(τ), ϕ2(τ), ϕ3(τ), ϕ4(τ), ϕ5(τ))
gives a holomorphic mapping from the modular curve X(13) = H/Γ(13) into CP5, which
corresponds to our six-dimensional representation, i.e., up to the constants, z1, · · · , z6
are just modular forms ϕ0(τ), · · · , ϕ5(τ).
4. Seven-dimensional representations of PSL(2, 13),
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Jacobian modular equation of degree fourteen and exotic duality theorem
Let us study the action of ST ν on the five dimensional projective space P5 =
{(z1, z2, z3, z4, z5, z6)}, where ν = 0, 1, · · · , 12. Put
α = ζ + ζ12 − ζ5 − ζ8, β = ζ3 + ζ10 − ζ2 − ζ11, γ = ζ9 + ζ4 − ζ6 − ζ7.
We find that
13ST ν(z1) · ST ν(z4)
=βz1z4 + γz2z5 + αz3z6+
+ γζνz21 + αζ
9νz22 + βζ
3νz23 − γζ12νz24 − αζ4νz25 − βζ10νz26+
+ (α− β)ζ5νz1z2 + (β − γ)ζ6νz2z3 + (γ − α)ζ2νz1z3+
+ (β − α)ζ8νz4z5 + (γ − β)ζ7νz5z6 + (α− γ)ζ11νz4z6+
− (α+ β)ζνz3z4 − (β + γ)ζ9νz1z5 − (γ + α)ζ3νz2z6+
− (α+ β)ζ12νz1z6 − (β + γ)ζ4νz2z4 − (γ + α)ζ10νz3z5.
13ST ν(z2) · ST ν(z5)
=γz1z4 + αz2z5 + βz3z6+
+ αζνz21 + βζ
9νz22 + γζ
3νz23 − αζ12νz24 − βζ4νz25 − γζ10νz26+
+ (β − γ)ζ5νz1z2 + (γ − α)ζ6νz2z3 + (α− β)ζ2νz1z3+
+ (γ − β)ζ8νz4z5 + (α− γ)ζ7νz5z6 + (β − α)ζ11νz4z6+
− (β + γ)ζνz3z4 − (γ + α)ζ9νz1z5 − (α+ β)ζ3νz2z6+
− (β + γ)ζ12νz1z6 − (γ + α)ζ4νz2z4 − (α+ β)ζ10νz3z5.
13ST ν(z3) · ST ν(z6)
=αz1z4 + βz2z5 + γz3z6+
+ βζνz21 + γζ
9νz22 + αζ
3νz23 − βζ12νz24 − γζ4νz25 − αζ10νz26+
+ (γ − α)ζ5νz1z2 + (α− β)ζ6νz2z3 + (β − γ)ζ2νz1z3+
+ (α− γ)ζ8νz4z5 + (β − α)ζ7νz5z6 + (γ − β)ζ11νz4z6+
− (γ + α)ζνz3z4 − (α+ β)ζ9νz1z5 − (β + γ)ζ3νz2z6+
− (γ + α)ζ12νz1z6 − (α+ β)ζ4νz2z4 − (β + γ)ζ10νz3z5.
Note that α+ β + γ =
√
13, we find that
√
13 [ST ν(z1) · ST ν(z4) + ST ν(z2) · ST ν(z5) + ST ν(z3) · ST ν(z6)]
=(z1z4 + z2z5 + z3z6) + (ζ
νz21 + ζ
9νz22 + ζ
3νz23)− (ζ12νz24 + ζ4νz25 + ζ10νz26)+
− 2(ζνz3z4 + ζ9νz1z5 + ζ3νz2z6)− 2(ζ12νz1z6 + ζ4νz2z4 + ζ10νz3z5).
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Let
ϕ∞(z1, z2, z3, z4, z5, z6) =
√
13(z1z4 + z2z5 + z3z6) (4.1)
and
ϕν(z1, z2, z3, z4, z5, z6) = ϕ∞(ST ν(z1, z2, z3, z4, z5, z6)) (4.2)
for ν = 0, 1, · · · , 12. Then
ϕν =(z1z4 + z2z5 + z3z6) + ζ
ν(z21 − 2z3z4) + ζ4ν(−z25 − 2z2z4)+
+ ζ9ν(z22 − 2z1z5) + ζ3ν(z23 − 2z2z6) + ζ12ν(−z24 − 2z1z6) + ζ10ν(−z26 − 2z3z5).
(4.3)
This leads us to define the following senary quadratic forms (quadratic forms in six
variables): 
A0 = z1z4 + z2z5 + z3z6,
A1 = z
2
1 − 2z3z4,
A2 = −z25 − 2z2z4,
A3 = z
2
2 − 2z1z5,
A4 = z
2
3 − 2z2z6,
A5 = −z24 − 2z1z6,
A6 = −z26 − 2z3z5.
(4.4)
Hence,√
13ST ν(A0) = A0 + ζ
νA1 + ζ
4νA2 + ζ
9νA3 + ζ
3νA4 + ζ
12νA5 + ζ
10νA6. (4.5)
Let 
p1 = ζ
2 + ζ11 − 2 + 2(ζ + ζ12 − ζ9 − ζ4),
p2 = 2− ζ9 − ζ4 + 2(ζ5 + ζ8 − ζ2 − ζ11),
p3 = ζ
6 + ζ7 − 2 + 2(ζ3 + ζ10 − ζ − ζ12),
p4 = ζ
5 + ζ8 − 2 + 2(ζ9 + ζ4 − ζ3 − ζ10),
p5 = 2− ζ3 − ζ10 + 2(ζ6 + ζ7 − ζ5 − ζ8),
p6 = 2− ζ − ζ12 + 2(ζ2 + ζ11 − ζ6 − ζ7).
(4.6)
We find that
13S(A1) = 2
√
13A0 + p1A1 + p2A2 + p3A3 + p4A4 + p5A5 + p6A6,
13S(A2) = 2
√
13A0 + p2A1 + p4A2 + p6A3 + p5A4 + p3A5 + p1A6,
13S(A3) = 2
√
13A0 + p3A1 + p6A2 + p4A3 + p1A4 + p2A5 + p5A6,
13S(A4) = 2
√
13A0 + p4A1 + p5A2 + p1A3 + p3A4 + p6A5 + p2A6,
13S(A5) = 2
√
13A0 + p5A1 + p3A2 + p2A3 + p6A4 + p1A5 + p4A6,
13S(A6) = 2
√
13A0 + p6A1 + p1A2 + p5A3 + p2A4 + p4A5 + p3A6,
(4.7)
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Note that 
p1 =
√
13(ζ2 + ζ11),
p2 =
√
13(ζ9 + ζ4),
p3 =
√
13(ζ6 + ζ7),
p4 =
√
13(ζ5 + ζ8),
p5 =
√
13(ζ3 + ζ10),
p6 =
√
13(ζ + ζ12).
(4.8)
We obtain a seven-dimensional representation of the simple group PSL(2, 13) ∼= 〈S˜, T˜ 〉
which induces from the actions of S and T on the basis (A0,A1,A2,A3,A4,A5,A6).
Here
S˜ =
1√
13

1 1 1 1 1 1 1
2 ζ2 + ζ11 ζ9 + ζ4 ζ6 + ζ7 ζ5 + ζ8 ζ3 + ζ10 ζ + ζ12
2 ζ9 + ζ4 ζ5 + ζ8 ζ + ζ12 ζ3 + ζ10 ζ6 + ζ7 ζ2 + ζ11
2 ζ6 + ζ7 ζ + ζ12 ζ5 + ζ8 ζ2 + ζ11 ζ9 + ζ4 ζ3 + ζ10
2 ζ5 + ζ8 ζ3 + ζ10 ζ2 + ζ11 ζ6 + ζ7 ζ + ζ12 ζ9 + ζ4
2 ζ3 + ζ10 ζ6 + ζ7 ζ9 + ζ4 ζ + ζ12 ζ2 + ζ11 ζ5 + ζ8
2 ζ + ζ12 ζ2 + ζ11 ζ3 + ζ10 ζ9 + ζ4 ζ5 + ζ8 ζ6 + ζ7

, (4.9)
and
T˜ =

1
ζ
ζ4
ζ9
ζ3
ζ12
ζ10

. (4.10)
We have
Tr(S˜) = −1, Tr(T˜ ) = 1 +
√
13
2
, Tr(S˜T˜ ) = 1. (4.11)
Hence, our seven-dimensional representation corresponds to the character χ3 in Table
1. In fact, for a prime q ≡ 1 (mod 4), Klein and Hecke obtained an r = 12(q + 1)
rowed matrix representation of the finite group Γ/Γ(q) by means of matrices whose
elements are in the cyclotomic field generated by e2pii/q (see [K3] and [He]). When
q = 13, it is just our seven dimensional representation. However, our seven dimensional
representation is induced from a six dimensional representation, which does not appear
in Klein and Hecke’s papers [K3] and [He]. Furthermore, our representation involves
invariants A0, · · · , A6, which they did not study.
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Now, we study the “triality” associated with PSL(2, 13), i.e., there is an automor-
phism of order three as follows: besides 〈S, T 〉, there are two other generators for
PSL(2, 13).
S1 = − 1√
13

ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3 ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7
ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9 ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8
ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11
ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7 ζ3 − ζ10 ζ9 − ζ4 ζ − ζ12
ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8 ζ9 − ζ4 ζ − ζ12 ζ3 − ζ10
ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11 ζ − ζ12 ζ3 − ζ10 ζ9 − ζ4
 , (4.12)
T1 = diag(ζ
11, ζ8, ζ7, ζ5, ζ6, ζ2), (4.13)
S2 = − 1√
13

ζ10 − ζ3 ζ4 − ζ9 ζ12 − ζ ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7
ζ4 − ζ9 ζ12 − ζ ζ10 − ζ3 ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8
ζ12 − ζ ζ10 − ζ3 ζ4 − ζ9 ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11
ζ5 − ζ8 ζ2 − ζ11 ζ6 − ζ7 ζ9 − ζ4 ζ − ζ12 ζ3 − ζ10
ζ2 − ζ11 ζ6 − ζ7 ζ5 − ζ8 ζ − ζ12 ζ3 − ζ10 ζ9 − ζ4
ζ6 − ζ7 ζ5 − ζ8 ζ2 − ζ11 ζ3 − ζ10 ζ9 − ζ4 ζ − ζ12
 (4.14)
and
T2 = diag(ζ
8, ζ7, ζ11, ζ2, ζ5, ζ6). (4.15)
Let
R =

0 0 1
1 0 0
0 1 0
0 1 0
0 0 1
1 0 0
 . (4.16)
Then R3 = 1 and RT1R
−1 = T , RS1R−1 = S, R−1T2R = T and R−1S2R = S. Hence,
〈S1, T1〉 ∼= 〈S2, T2〉 ∼= PSL(2, 13).
Let
ψ∞(z1, z2, z3, z4, z5, z6) =
√
13(z1z6 + z2z4 + z3z5) (4.17)
and
ψν(z1, z2, z3, z4, z5, z6) = ψ∞(S1T ν1 (z1, z2, z3, z4, z5, z6)) (4.18)
for ν = 0, 1, · · · , 12. Then
ψν = B0 + ζ
νB1 + ζ
4νB2 + ζ
9νB3 + ζ
3νB4 + ζ
12νB5 + ζ
10νB6, (4.19)
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where 
B0 = z1z6 + z2z4 + z3z5,
B1 = z
2
3 − 2z2z5,
B2 = −z26 − 2z1z5,
B3 = z
2
1 − 2z3z6,
B4 = z
2
2 − 2z1z4,
B5 = −z25 − 2z3z4,
B6 = −z24 − 2z2z6.
(4.20)
Let
φ∞(z1, z2, z3, z4, z5, z6) =
√
13(z1z5 + z2z6 + z3z4) (4.21)
and
φν(z1, z2, z3, z4, z5, z6) = φ∞(S2T ν2 (z1, z2, z3, z4, z5, z6)) (4.22)
for ν = 0, 1, · · · , 12. Then
φν = C0 + ζ
νC1 + ζ
4νC2 + ζ
9νC3 + ζ
3νC4 + ζ
12νC5 + ζ
10νC6, (4.23)
where 
C0 = z1z5 + z2z6 + z3z4,
C1 = z
2
2 − 2z1z6,
C2 = −z24 − 2z3z6,
C3 = z
2
3 − 2z2z4,
C4 = z
2
1 − 2z3z5,
C5 = −z26 − 2z2z5,
C6 = −z25 − 2z1z4.
(4.24)
Similar as above, we obtain the other two kinds of seven-dimensional representations
of the simple group PSL(2, 13) ∼= 〈S˜1, T˜1〉 ∼= 〈S˜2, T˜2〉 which induce from the actions of
S1 and T1 on the basis (B0,B1,B2,B3,B4,B5,B6) and the actions of S2 and T2 on the
basis (C0,C1,C2,C3,C4,C5,C6), respectively. Remarkably, we find that
S˜1 = S˜2 = S˜, T˜1 = T˜2 = T˜ ! (4.25)
Now, let us recall some facts about theta functions over number fields and Hilbert
modular forms (see [E] and [Hi], pp. 796–798). Consider the field K = Q(ζ) where
ζ = e2pii/p. Let k = Q(ζ + ζ−1) be the real subfield. Let O be the ring of integers in
K, and let P be the principal ideal of O generated by the element 1− ζ. Since k is the
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real subfield of K and [k : Q] = p−12 , there exist exactly
p−1
2 distinct real embeddings
σl : k → R, l = 1, · · · , p−12 . each of these σl is of the form ζ + ζ−1 7→ ζa + ζ−a for a
suitable integer a. In particular, one has σl(k) = k. Hence the σl form a group (with
respect to composition), the Galois group of k over Q. We denote it by G. Consider
the product
H
p−1
2 = H× · · · ×H ((p− 1)/2 times)
of p−1
2
upper half planes. Let z = (z1, · · · , z(p−1)/2) be a point of H
p−1
2 . We define the
theta function θj(z) depending on
p−1
2 variables zl ∈ H by
θj(z) :=
∑
x∈P+j
e2piiTrk/Q(z
xx
p ),
for j = 0, 1, · · · , p−12 , where
Trk/Q
(
z
xx
p
)
:=
(p−1)/2∑
l=1
zl · σl(xx)
p
.
The function θj is holomorphic in z ∈ H(p−1)/2.
Let Ok be the ring of integers in k. The group SL2(Ok) is the group of all 2 × 2-
matrices (
α β
γ δ
)
with entries α, β, γ, δ ∈ Ok and with determinant αδ− βγ = 1. This group operates on
H(p−1)/2 by
z 7→ αz + β
γz + δ
, zl 7→ σl(α)zl + σl(β)
σl(γ)zl + σl(δ)
, l = 1, · · · , p− 1
2
.
The norm Nk/Q(α) of an element α ∈ k over Q is defined by
Nk/Q(α) :=
(p−1)/2∏
l=1
σl(α).
For z ∈ H(p−1)/2, γ, δ ∈ Ok we define
Nk/Q(γz + δ) :=
(p−1)/2∏
l=1
(σl(γ)zl + σl(δ)).
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If σ ∈ G we set σ(z) = (zε(1), · · · , zε( p−12 )), where ε denotes that permutation of the
indices 1, · · · , p−12 such that σl ◦ σ = σε(l) for 1 ≤ l ≤ p−12 . Finally let Γ be a subgroup
of SL2(Ok).
Definition 4.1. A holomorphic function f : H(p−1)/2 → C is called a Hilbert modular
form of weight m for Γ, if
f
(
αz + β
γz + δ
)
= f(z) ·Nk/Q(γz + δ)m for all
(
α β
γ δ
)
∈ Γ.
It is called symmetric, if f(σ(z)) = f(z) for all σ ∈ G.
Let p be the ideal p := P ∩Ok of Ok. Then
p = (ζ + ζ−1 − 2) = ((ζ − 1)(ζ−1 − 1)).
Moreover,
p
p−1
2 = (p).
We define
Γ(p) :=
{(
α β
γ δ
)
∈ SL2(Ok) : α ≡ δ ≡ 1 (mod p), β ≡ γ ≡ 0 (mod p)
}
,
Γ0(p) :=
{(
α β
γ δ
)
∈ SL2(Ok) : γ ≡ 0 (mod p)
}
.
Then we have the following result.
Theorem 4.2. (see [E]). The function θj, j = 0, 1, · · · , p−12 , is a Hilbert modular
form of weight 1 for the group Γ(p). Moreover one has
θ0
(
αz + β
γz + δ
)
= θ0(z) ·
(
δ
p
)
·Nk/Q(γz + δ) for all
(
α β
γ δ
)
∈ Γ0(p).
Note that the group SL(2,Fp) acts on the
p+1
2
-dimensional vector space over C
generated by the θj . For p ≡ 1 mod 4 this is an action of PSL(2,Fp).
Now let C ⊂ Fnp be a self-dual code. We have n(p− 1) ≡ 0 (mod 8). Let ΓC be the
lattice constructed from C. Then ΓC is an even unimodular lattice of rank n(p − 1).
By the definition of the symmetric bilinear form on ΓC , the usual theta function of the
lattice ΓC is the function
ϑC(z) =
∑
x∈ΓC
e2piizTrk/Q(
xx
p ), where z ∈ H.
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This is a modular form in one variable z ∈ H. Now ΓC is not only a Z-module, but
also an Ok-module. As above we can define a theta function in several variables. For
z ∈ H(p−1)/2 define
θC(z) :=
∑
x∈ΓC
e2piiTrk/Q(z
xx
p ).
Theorem 4.3. (see [E]). The function θC is a Hilbert modular form of weight n for
the whole group SL2(Ok).
Note that the Hilbert modular forms θj and θC are symmetric (in the sense of the
definition above). This is due to the fact that the lattices P and ΓC are invariant under
the obvious action of the Galois group of Q(ζ) over Q.
The Lee weight enumerator of a code C ⊂ Fnp is the polynomial
WC
(
X0, X1, · · · , X p−1
2
)
:=
∑
u∈C
X
l0(u)
0 X
l1(u)
1 · · ·X
l(p−1)/2(u)
p−1
2
,
where l0(u) is the number of zeros in u, and li(u), for i = 1, · · · , p−12 , is the number of
+i or −i occurring in the codeword u. This is a homogeneous polynomial of degree n.
We can now formulate the main theorem of G. van der Geer and F. Hirzebruch.
Theorem 4.4. (van der Geer and Hirzebruch). (see [E]). Let C ⊂ Fnp be a code
with C ⊂ C⊥. Then the following identity holds:
θC =WC
(
θ0, θ1, · · · , θ p−1
2
)
.
The polynomialWC
(
θ0, θ1, · · · , θ p−1
2
)
is an invariant polynomial for the above men-
tioned representation of dimension p+1
2
of the group SL(2,Fp).
For p = 3, k = Q. The well-known result of Broue´ and Enguehard drops out. Namely,
the Hamming weight enumerator HC(θ0, θ1) is a polynomial in the modular forms E4,
E26 of SL(2,Z) where
E4 = θ
2
0 + 8θ0θ
3
1, E6 = θ
6
0 − 20θ30θ31 − 8θ61.
For p = 5, k = Q(
√
5). In his paper [Hi1], Hirzebruch proved that the ring of
symmetric Hilbert modular forms for SL2(Ok)(
√
5) equals C[A0, A1, A2] where the Klein
invariants A0, A1, A2 (see [K]) have weight 1. He proved that the ring of symmetric
Hilbert modular forms for SL2(Ok) of even weight equals C[A,B,C] where A, B, C are
the Klein invariants of degrees 2, 6, 10 (see [K]). One has A0 = θ0, A1 = 2θ1, A2 = 2θ2.
Using the 3-dimensional representation of PSL(2,F5) ∼= 〈S˜, T˜ 〉 constructed by Klein
(see [K]):
S˜ = − 1√
5
 1 2 21 ε+ ε4 ε2 + ε3
1 ε2 + ε3 ε+ ε4
 , T˜ =
 1 0 00 ε2 0
0 0 ε3
 ,
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where ε = e2pii/5, one can obtain the MacWilliams identity for Lee weight enumerators
of codes over F5:
WC⊥(X0, X1, X2) = const ·WC
 X0 + 2X1 + 2X2X0 + (ε+ ε4)X1 + (ε2 + ε3)X2
X0 + (ε
2 + ε3)X1 + (ε+ ε
4)X2
 .
For p = 7, the corresponding Hilbert modular variety of dimension 3 was inves-
tigated by E. Thomas. The invariant theory for the above mentioned 4-dimensional
representation of SL(2,F7) enters (see [MS]).
In our case, p = 13. Up to the constants, our invariants A0, · · · , A6 are just θ0,
· · · , θ6. Using our 7-dimensional representation of PSL(2,F13) ∼= 〈S˜, T˜ 〉 constructed as
above, we get the MacWilliams identity for Lee weight enumerators of codes over F13:
WC⊥(X0, X1, X2, X4, X5, X6) = const ·WC
(
(X0, X1, X2, X4, X5, X6)S˜
)
. (4.26)
In [K1], Klein obtained the modular equation of degree fourteen, which corresponds
to the transformation of order thirteen:
J : J − 1 : 1 =(τ2 + 5τ + 13)(τ4 + 7τ3 + 20τ2 + 19τ + 1)3
:(τ2 + 6τ + 13)(τ6 + 10τ5 + 46τ4 + 108τ3 + 122τ2 + 38τ − 1)2
:1728τ,
Note that the Hauptmodul J can be defined over the real quadratic field Q(
√
13):
τ4 + 7τ3 + 20τ2 + 19τ + 1
=
(
τ2 +
7 +
√
13
2
τ +
11 + 3
√
13
2
)(
τ2 +
7−√13
2
τ +
11− 3√13
2
)
,
τ6 + 10τ5 + 46τ4 + 108τ3 + 122τ2 + 38τ − 1
=
(
τ3 + 5τ2 +
21−√13
2
τ +
3 +
√
13
2
)(
τ3 + 5τ2 +
21 +
√
13
2
τ +
3−√13
2
)
.
Let us confine our thought to an especially important result which Jacobi had established
as early as 1829 in his “Notices sur les fonctions elliptiques” (see [K]). Jacobi there
considered, instead of the modular equation, the so-called multiplier-equation, together
with other equations equivalent to it, and found that their (n+ 1) roots are composed
in a simple manner of n+12 elements, with the help of merely numerical irrationalities.
Namely, if we denote these elements by A0, A1, · · · , An−1
2
, and further, for the roots
39
z of the equation under consideration, apply the indices employed by Galois, we have,
with appropriate determination of the square root occurring on the left-hand side:
√
z∞ =
√
(−1)n−12 · n · A0,
√
zν = A0 + ǫ
νA1 + ǫ
4νA2 + · · ·+ ǫ(
n−1
2 )
2νAn−1
2
for ν = 0, 1, · · · , n − 1 and ǫ = e 2piin . Jacobi had himself emphasized the special sig-
nificance of his result by adding to his short communication: “C’est un the´ore`me des
plus importants dans la the´orie alge´brique de la transformation et de la division des
fonctions elliptiques.” Now, we give the Jacobian equation of degree fourteen which
corresponds to the above modular equation of degree fourteen.
Let H = y2 · S. Then
H = Q5P 2 · P 2Q6P 8 ·Q5P 2 · P 3Q =

0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 −1 0 0 0
−1 0 0 0 0 0
0 −1 0 0 0 0
 . (4.27)
Note that
H2 =

0 −1 0 0 0 0
0 0 −1 0 0 0
−1 0 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 0 −1 0 0
 , H3 =

0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

and H6 = −I. In the projective coordinates, this means that H6 = 1. We have
H−1TH = −T 4.
Thus, 〈H, T 〉 ∼= Z13⋊Z6. Hence, it is the maximal subgroup of order 78 of G with index
14 (see [CC]). We find that ϕ2∞ is invariant under the action of the maximal subgroup
〈H, T 〉. Note that
ϕ∞ =
√
13A0, ϕν = A0 + ζ
νA1 + ζ
4νA2 + ζ
9νA3 + ζ
3νA4 + ζ
12νA5 + ζ
10νA6
for ν = 0, 1, · · · , 12. Let w = ϕ2, w∞ = ϕ2∞ and wν = ϕ2ν . Then w∞, wν for ν =
0, · · · , 12 form an algebraic equation of degree fourteen, which is just the Jacobian
equation of degree fourteen, whose roots are these wν and w∞:
w14 + a1w
13 + · · ·+ a13w + a14 = 0.
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In particular, the coefficients
a14 = ϕ
2
∞ ·
12∏
ν=0
ϕ2ν = 13A
2
0
12∏
ν=0
(A0+ ζ
νA1+ ζ
4νA2+ ζ
9νA3+ ζ
3νA4+ ζ
12νA5+ ζ
10νA6)
2,
and
−a1 = w∞ +
12∑
ν=0
wν = 26(A
2
0 + A1A5 + A2A3 + A4A6). (4.28)
Recall that the modular equation of degree fourteen is also given by (see [Hu])
z14 + 13[2∆
1
12 z13 + 25∆
2
12 z12 + 196∆
3
12 z11 + 1064∆
4
12 z10
+ 4180∆
5
12 z9 + 12086∆
6
12 z8 + 25660∆
7
12 z7 + 39182∆
8
12 z6
+ 41140∆
9
12 z5 + 27272∆
10
12 z4 + 9604∆
11
12 z3 + 1165∆z2]
+ [746∆− (12g2)3]∆ 112 z + 13∆ 1412 = 0.
The coefficients of z13 and the constant are just 26 and 13.
In fact, the invariant quadric L := A20 + A1A5 + A2A3 + A4A6 is equal to
2
[
(z3z
3
4 + z1z
3
5 + z2z
3
6)− (z6z31 + z4z32 + z5z33) + 3(z1z2z4z5 + z2z3z5z6 + z3z1z6z4)
]
.
(4.29)
Hence, the variety L = 0 is a quartic four-fold, which is invariant under the action of
the simple group G.
For g ∈ G = 〈S, T 〉, set
g(A0) := A0(g(z1, z2, z3, z4, z5, z6)).
We find that
A0 = A0,√
13Q(A0) = A0 + ζ
3A1 + ζ
12A2 + ζA3 + ζ
9A4 + ζ
10A5 + ζ
4A6,√
13Q2(A0) = A0 + ζ
7A1 + ζ
2A2 + ζ
11A3 + ζ
8A4 + ζ
6A5 + ζ
5A6,√
13Q3(A0) = −A0 − ζA1 − ζ4A2 − ζ9A3 − ζ3A4 − ζ12A5 − ζ10A6,√
13Q4(A0) = −A0 − ζ2A1 − ζ8A2 − ζ5A3 − ζ6A4 − ζ11A5 − ζ7A6,√
13Q5(A0) = A0 + ζ
9A1 + ζ
10A2 + ζ
3A3 + ζA4 + ζ
4A5 + ζ
12A6,√
13Q6(A0) = A0 + A1 + A2 + A3 + A4 + A5 + A6.
(4.30)
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For our third model, we have
y3Q = − 1√
13

ζ3 − ζ5 ζ6 − ζ12 ζ6 − ζ11 ζ11 − ζ ζ3 − ζ12 ζ − ζ2
ζ2 − ζ8 ζ − ζ6 ζ2 − ζ4 ζ9 − ζ5 ζ8 − ζ9 ζ − ζ4
ζ5 − ζ10 ζ5 − ζ7 ζ9 − ζ2 ζ9 − ζ10 ζ3 − ζ6 ζ7 − ζ3
ζ12 − ζ2 ζ − ζ10 ζ11 − ζ12 ζ10 − ζ8 ζ7 − ζ ζ7 − ζ2
ζ8 − ζ4 ζ4 − ζ5 ζ9 − ζ12 ζ11 − ζ5 ζ12 − ζ7 ζ11 − ζ9
ζ3 − ζ4 ζ7 − ζ10 ζ10 − ζ6 ζ8 − ζ3 ζ8 − ζ6 ζ4 − ζ11
 ,
y3Q
2 = − 1√
13

1− ζ 1− ζ3 ζ6 − ζ2 ζ6 − ζ ζ10 − ζ8 ζ3 − ζ10
ζ2 − ζ5 1− ζ9 1− ζ ζ − ζ12 ζ2 − ζ9 ζ12 − ζ7
1− ζ9 ζ5 − ζ6 1− ζ3 ζ4 − ζ11 ζ9 − ζ4 ζ5 − ζ3
ζ12 − ζ7 ζ5 − ζ3 ζ3 − ζ10 1− ζ12 1− ζ10 ζ7 − ζ11
ζ − ζ12 ζ4 − ζ11 ζ6 − ζ ζ11 − ζ8 1− ζ4 1− ζ12
ζ2 − ζ9 ζ9 − ζ4 ζ10 − ζ8 1− ζ4 ζ8 − ζ7 1− ζ10
 .
y3Q
3 = − 1√
13

ζ12 − ζ3 ζ4 − ζ3 ζ8 − ζ5 ζ12 − ζ5 ζ10 − ζ2 ζ2 − ζ4
ζ7 − ζ6 ζ4 − ζ ζ10 − ζ ζ5 − ζ10 ζ4 − ζ6 ζ12 − ζ5
ζ12 − ζ9 ζ11 − ζ2 ζ10 − ζ9 ζ4 − ζ6 ζ6 − ζ12 ζ10 − ζ2
ζ8 − ζ ζ11 − ζ3 ζ9 − ζ11 ζ − ζ10 ζ9 − ζ10 ζ5 − ζ8
ζ3 − ζ8 ζ7 − ζ9 ζ8 − ζ ζ6 − ζ7 ζ9 − ζ12 ζ3 − ζ12
ζ7 − ζ9 ζ − ζ7 ζ11 − ζ3 ζ − ζ4 ζ2 − ζ11 ζ3 − ζ4
 .
y3Q
4 = − 1√
13

ζ − ζ10 ζ8 − ζ9 ζ8 − ζ11 ζ11 − ζ5 ζ − ζ9 ζ5 − ζ3
ζ7 − ζ8 ζ9 − ζ12 ζ7 − ζ3 ζ6 − ζ ζ8 − ζ6 ζ9 − ζ3
ζ11 − ζ ζ11 − ζ7 ζ3 − ζ4 ζ3 − ζ ζ2 − ζ9 ζ7 − ζ2
ζ8 − ζ2 ζ4 − ζ12 ζ10 − ζ8 ζ12 − ζ3 ζ5 − ζ4 ζ5 − ζ2
ζ12 − ζ7 ζ7 − ζ5 ζ10 − ζ4 ζ6 − ζ5 ζ4 − ζ ζ6 − ζ10
ζ12 − ζ10 ζ4 − ζ11 ζ11 − ζ6 ζ2 − ζ12 ζ2 − ζ6 ζ10 − ζ9
 .
y3Q
5 = − 1√
13

1− ζ12 ζ12 − ζ9 ζ10 − ζ ζ4 − ζ9 ζ − ζ3 ζ4 − ζ10
ζ12 − ζ9 1− ζ4 ζ4 − ζ3 ζ10 − ζ12 ζ10 − ζ3 ζ9 − ζ
ζ10 − ζ ζ4 − ζ3 1− ζ10 ζ3 − ζ9 ζ12 − ζ4 ζ12 − ζ
ζ4 − ζ9 ζ10 − ζ12 ζ3 − ζ9 1− ζ ζ − ζ4 ζ3 − ζ12
ζ − ζ3 ζ10 − ζ3 ζ12 − ζ4 ζ − ζ4 1− ζ9 ζ9 − ζ10
ζ4 − ζ10 ζ9 − ζ ζ12 − ζ ζ3 − ζ12 ζ9 − ζ10 1− ζ3
 .
y3Q
6 = − 1√
13

ζ10 − ζ8 ζ6 − 1 ζ10 − ζ5 ζ12 − ζ9 ζ8 − ζ12 ζ6 − ζ5
ζ12 − ζ6 ζ12 − ζ7 ζ2 − 1 ζ2 − ζ6 ζ4 − ζ3 ζ7 − ζ4
ζ5 − 1 ζ4 − ζ2 ζ4 − ζ11 ζ11 − ζ10 ζ5 − ζ2 ζ10 − ζ
ζ4 − ζ ζ − ζ5 ζ8 − ζ7 ζ3 − ζ5 ζ7 − 1 ζ3 − ζ8
ζ7 − ζ11 ζ10 − ζ9 ζ9 − ζ6 ζ − ζ7 ζ − ζ6 ζ11 − 1
ζ3 − ζ2 ζ11 − ζ8 ζ12 − ζ3 ζ8 − 1 ζ9 − ζ11 ζ9 − ζ2
 .
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Hence,
√
13y3(A0) = −A0 − ζ8A1 − ζ6A2 − ζ7A3 − ζ11A4 − ζ5A5 − ζ2A6,√
13y3Q(A0) = A0 + ζ
11A1 + ζ
5A2 + ζ
8A3 + ζ
7A4 + ζ
2A5 + ζ
6A6,√
13y3Q
2(A0) = −A0 − ζ10A1 − ζA2 − ζ12A3 − ζ4A4 − ζ3A5 − ζ9A6,√
13y3Q
3(A0) = −A0 − ζ12A1 − ζ9A2 − ζ4A3 − ζ10A4 − ζA5 − ζ3A6,√
13y3Q
4(A0) = −A0 − ζ4A1 − ζ3A2 − ζ10A3 − ζ12A4 − ζ9A5 − ζA6,√
13y3Q
5(A0) = −A0 − ζ6A1 − ζ11A2 − ζ2A3 − ζ5A4 − ζ7A5 − ζ8A6,√
13y3Q
6(A0) = A0 + ζ
5A1 + ζ
7A2 + ζ
6A3 + ζ
2A4 + ζ
8A5 + ζ
11A6.
(4.31)
Moreover, 
A20 = A
2
0,
Q(A0)
2 = ST 3(A0)
2,
Q2(A0)
2 = ST 7(A0)
2,
Q3(A0)
2 = ST (A0)
2,
Q4(A0)
2 = ST 2(A0)
2,
Q5(A0)
2 = ST 9(A0)
2,
Q6(A0)
2 = S(A0)
2.

y3(A0)
2 = ST 8(A0)
2,
y3Q(A0)
2 = ST 11(A0)
2,
y3Q
2(A0)
2 = ST 10(A0)
2,
y3Q
3(A0)
2 = ST 12(A0)
2,
y3Q
4(A0)
2 = ST 4(A0)
2,
y3Q
5(A0)
2 = ST 6(A0)
2,
y3Q
6(A0)
2 = ST 5(A0)
2.
(4.32)
On the other hand,
√
13ST ν(A0) = A0+ ζ
νA1+ ζ
4νA2+ ζ
9νA3+ ζ
3νA4+ ζ
12νA5+ ζ
10νA6, T
ν(A0) = A0
for ν = 0, 1, · · · , 12. Comparing two sets {Qν(A0)2, y3Qν(A0)2} for ν mod 7 and
{T ν(A0)2, ST ν(A0)2} for ν mod 13 leads to the following:
Theorem 4.5. (Exotic duality theorem). There exists an “exotic” duality be-
tween non-congruence modular forms and Hilbert modular forms, both of them are re-
lated to Q(ζ) : {
Qν(A0)
2, y3Q
ν(A0)
2
ν mod 7
}
=
{
T ν(A0)
2, ST ν(A0)
2
ν mod 13
}
(4.33)
The left hand side of (4.33) corresponds to (2, 3, 7; 13), the right hand side of (4.33)
corresponds to (2, 3, 13; 7). When we exchange the position of 7 and 13, we will get
the duality between the two representations of G. Note that A20 is invariant under
the action of the maximal subgroup 〈H, T 〉 of order 78 with index 14 of G. Hence,
T ν(A0)
2, ST ν(A0)
2 for ν mod 13 give a coset decomposition of G with respect to this
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maximal subgroup. Therefore, any symmetric polynomial of A20, ST
ν(A0)
2 for ν mod 13
gives an invariant polynomial under the action of PSL(2, 13). By (4.33), we have that
any symmetric polynomial of Qν(A0)
2, y3Q
ν(A0)
2 for ν mod 7 also gives an invariant
polynomial under the action of PSL(2, 13). It is known that invariant polynomials cor-
respond to modular forms. The right hand side of (4.33) corresponds to the congruence
subgroup Γ13,1 with type (1, 13), the associated modular forms are Hilbert modular
forms which we study as above. However, the left hand side of (4.33) corresponds to the
non-congruence subgroup Γ7,7 with type (7, 7), the associated modular forms are non-
congruence modular forms! Therefore, (4.33) gives a connection between congruence
modular forms (Hilbert modular forms) and non-congruence modular forms, both of
them are related to the cyclotomic field Q(ζ)! Thus, we complete the proof of Theorem
1.1.
Now, we find that the third non-congruence modular curve Y3 possesses exotic duality
between the associated non-congruence modular forms and the Hilbert modular forms.
It is natural to ask that what will happen for the other non-congruence modular curves
Y1 and Y2? For our first model which corresponds to (2, 3, 7; 7), we have

y1(A0) = −A0,√
13y1Q(A0) = −A0 − ζ3A1 − ζ12A2 − ζA3 − ζ9A4 − ζ10A5 − ζ4A6,√
13y1Q
2(A0) = −A0 − ζ7A1 − ζ2A2 − ζ11A3 − ζ8A4 − ζ6A5 − ζ5A6,√
13y1Q
3(A0) = A0 + ζA1 + ζ
4A2 + ζ
9A3 + ζ
3A4 + ζ
12A5 + ζ
10A6,√
13y1Q
4(A0) = A0 + ζ
2A1 + ζ
8A2 + ζ
5A3 + ζ
6A4 + ζ
11A5 + ζ
7A6,√
13y1Q
5(A0) = −A0 − ζ9A1 − ζ10A2 − ζ3A3 − ζA4 − ζ4A5 − ζ12A6,√
13y1Q
6(A0) = −A0 − A1 − A2 − A3 − A4 − A5 − A6.
(4.34)
For our second model which corresponds to (2, 3, 7; 6), we have

√
13y2(A0) = −A0 − A1 − A2 − A3 − A4 − A5 − A6,
y2Q(A0) = −A0,√
13y2Q
2(A0) = −A0 − ζ3A1 − ζ12A2 − ζA3 − ζ9A4 − ζ10A5 − ζ4A6,√
13y2Q
3(A0) = −A0 − ζ7A1 − ζ2A2 − ζ11A3 − ζ8A4 − ζ6A5 − ζ5A6,√
13y2Q
4(A0) = A0 + ζA1 + ζ
4A2 + ζ
9A3 + ζ
3A4 + ζ
12A5 + ζ
10A6,√
13y2Q
5(A0) = A0 + ζ
2A1 + ζ
8A2 + ζ
5A3 + ζ
6A4 + ζ
11A5 + ζ
7A6,√
13y2Q
6(A0) = −A0 − ζ9A1 − ζ10A2 − ζ3A3 − ζA4 − ζ4A5 − ζ12A6.
(4.35)
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Thus, 
y1(A0)
2 = A20,
y1Q(A0)
2 = Q(A0)
2,
y1Q
2(A0)
2 = Q2(A0)
2,
y1Q
3(A0)
2 = Q3(A0)
2,
y1Q
4(A0)
2 = Q4(A0)
2,
y1Q
5(A0)
2 = Q5(A0)
2,
y1Q
6(A0)
2 = Q6(A0)
2.

y2(A0)
2 = Q6(A0)
2,
y2Q(A0)
2 = A20,
y2Q
2(A0)
2 = Q(A0)
2,
y2Q
3(A0)
2 = Q2(A0)
2,
y2Q
4(A0)
2 = Q3(A0)
2,
y2Q
5(A0)
2 = Q4(A0)
2,
y2Q
6(A0)
2 = Q5(A0)
2.
(4.36)
We find that both Qν(A0)
2, y1Q
ν(A0)
2 and Qν(A0)
2, y2Q
ν(A0)
2 for ν mod 7 only give
half of the invariants T ν(A0)
2, ST ν(A0)
2 for ν mod 13.
We have PQP 2 ·Q · PQP 2 = Q−1 where the involution
PQP 2 = − 1√
13

ζ8 − ζ5 ζ10 − ζ ζ10 − ζ9 ζ9 − ζ11 ζ8 − ζ ζ11 − ζ3
ζ12 − ζ3 ζ7 − ζ6 ζ12 − ζ9 ζ8 − ζ ζ3 − ζ8 ζ7 − ζ9
ζ4 − ζ3 ζ4 − ζ ζ11 − ζ2 ζ11 − ζ3 ζ7 − ζ9 ζ − ζ7
ζ2 − ζ4 ζ12 − ζ5 ζ10 − ζ2 ζ5 − ζ8 ζ3 − ζ12 ζ3 − ζ4
ζ12 − ζ5 ζ5 − ζ10 ζ4 − ζ6 ζ − ζ10 ζ6 − ζ7 ζ − ζ4
ζ10 − ζ2 ζ4 − ζ6 ζ6 − ζ12 ζ9 − ζ10 ζ9 − ζ12 ζ2 − ζ11
 .
(4.37)
Hence, 〈PQP 2, Q〉 ∼= Z7 ⋊ Z2 = D14, which is the maximal subgroup of order 14 of G
with index 78 (see [CC]).
Let ρ : Γ → PGL(6,C) be a representation given by ρ(s) = S and ρ(t) = T . Then
ρ(h) = H. Hence, 〈S, T,H〉 gives the Weil representation for SL(2, 13). On the other
hand, we find that for the first model 〈y1, Q6, PQP 2〉:
ρ
((−5 −3
0 5
))
= y1, ρ
((−3 −1
1 0
))
= Q6, ρ
((−2 −1
5 2
))
= PQP 2. (4.38)
For the second model 〈y2, Q5, PQP 2〉:
ρ
((
0 −7
2 0
))
= y2, ρ
((
5 10
3 1
))
= Q5, ρ
((−2 −1
5 2
))
= PQP 2, (4.39)
For the third model 〈y3, Q3, PQP 2〉:
ρ
((−1 10
5 1
))
= y3, ρ
((−3 5
8 8
))
= Q3, ρ
((−2 −1
5 2
))
= PQP 2. (4.40)
Thus, our three models give three kinds of representations which are different from the
Weil representation!
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5. Haagerup subfactor and exceptional Lie group G2
Recall that the subfactors of von Neumann algebras give ADE type classification if
the Jones index < 4. The Haagerup subfactor (see [AH]) is a finite-depth, irreducible,
hyperfinite subfactor with smallest index 5+
√
13
2 ≈ 4.3 > 4.
It is well-known that each (2 + 1)-dimensional topological quantum field theory is
conjectured to arise as a Chern-Simons-Witten theory (see [Wi]) from a compact Lie
group with a certain cohomology class. Such a Chern-Simons-Witten theory is supposed
to produce a modular tensor category. In [HRW], Hong, Rowell and Wang studied two
examples of a modular tensor category which do not seem to arise from a Chern-Simons-
Witten theory. Both examples come from the subfactor theory of Jones. One is the
quantum double of the even part of the E6 subfactor, and the other is also the quantum
double of the even part of the Haagerup subfactor. These two examples are believed to
provide counterexamples to the above conjecture, but this is not proved here, because
not all Chern-Simons-Witten theories have been constructed in a mathematically rigor-
ous way. One of the significance of the Haagerup subfactor comes from the following fact
that the 3-sphere S3 and the Poincare´ homology 3-sphere Σ(2, 3, 5) are distinguished
by the Turaev-Viro-Ocneanu invariant from the Haagerup subfactor (see [SW]).
On the other hand, there is a hierarchy of understanding: (1) conformal field theory,
(2) statistical mechanical models, (3) subfactors, vertex operator algebras and twisted
K-theory, (4) modular tensor categories, pre-projective algebras, Calabi-Yau algebras
(see [EG2]). The most basic algebraic structure here, namely that of a modular tensor
category, may arise from subfactors, vertex operator algebras or twisted equivariant
K-theory which in turn may give rise to statistical mechanical models which at criti-
cality may produce conformal invariant field theories. That is to say, two-dimensional
conformal field theories can be understood from the vantage point of conformal nets
of subfactors or vertex operator algebras. The most natural place to look for exotic
possibilities of subfactors and hence of conformal field theories is with the Haagerup
subfactor and its siblings. The Haagerup modular data was computed by Izumi (see
[Iz]), with T being the diagonal matrix diag(1, 1, 1, 1, ω, ω, ζ6, ζ11, ζ2, ζ5, ζ7, ζ8), where
ω = exp(2πi/3). His S matrix was complicated. In [EG1], Evans and Gannon derived
an explicit simple description for the S matrix
S =
(
A B
C D
)
with
A =

x 1− x 1 1 1 1
1− x x 1 1 1 1
1 1 2 −1 −1 −1
1 1 −1 2 −1 −1
1 1 −1 −1 −1 2
1 1 −1 −1 2 −1
 , B =

y y y y y y
−y −y −y −y −y −y
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 ,
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C =

y −y 0 0 0 0
y −y 0 0 0 0
y −y 0 0 0 0
y −y 0 0 0 0
y −y 0 0 0 0
y −y 0 0 0 0
 , D =

c(1) c(2) c(3) c(4) c(5) c(6)
c(2) c(4) c(6) c(5) c(3) c(1)
c(3) c(6) c(4) c(1) c(2) c(5)
c(4) c(5) c(1) c(3) c(6) c(2)
c(5) c(3) c(2) c(6) c(1) c(4)
c(6) c(1) c(5) c(2) c(4) c(3)

for x = (13 − 3√13)/26, y = 3/√13 and c(j) = −2y cos(2πj/13). That this bears
some relation with the double of S3 may not be surprising given the relations between
the Haagerup fusion rules and those of S3 and Ŝ3. There is however also a striking
relationship with the affine algebra modular data B6,2 which has central charge c = 12
and 10 primaries. The T -matrix is diag(−1,−1;−1,−1;−ζ6,−ζ11,−ζ2,−ζ5,−ζ7,−ζ8),
while the S-matrix is
S =

y/2 y/2 3/2 3/2 y y y y y y
y/2 y/2 −3/2 −3/2 y y y y y y
3/2 −3/2 3/2 −3/2 0 0 0 0 0 0
3/2 −3/2 −3/2 3/2 0 0 0 0 0 0
y y 0 0 −c(1) −c(2) −c(3) −c(4) −c(5) −c(6)
y y 0 0 −c(2) −c(4) −c(6) −c(5) −c(3) −c(1)
y y 0 0 −c(3) −c(6) −c(4) −c(1) −c(2) −c(5)
y y 0 0 −c(4) −c(5) −c(1) −c(3) −c(6) −c(2)
y y 0 0 −c(5) −c(3) −c(2) −c(6) −c(1) −c(4)
y y 0 0 −c(6) −c(1) −c(5) −c(2) −c(4) −c(3)

,
where y and c(j) is as before. Ignoring the first 4 primaries, the only difference with
the Haagerup modular data are some signs.
According to [J2] and [J1], these sporadic subfactors discovered by Haagerup and
others remain exotic creatures in the zoo, untouched by quantum groups or any non-
von Neumann algebras approach. Hence, it is a major challenge in the theory to come
up with an interpretation of these subfactors as members of a family related to some
other mathematical objects.
Now, we will give a connection between the Haagerup modular data and our seven-
dimensional representation of PSL(2, 13). Note that
p1 =
√
13c(2), p2 =
√
13c(4), p3 =
√
13c(6), p4 =
√
13c(5), p5 =
√
13c(3), p6 =
√
13c(1).
The actions of T and S on the basis (A0,A6,A1,A5,A2,A4,A3) are given as follows:
T̂ = diag(1, ζ10, ζ, ζ12, ζ4, ζ3, ζ9)
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and
Ŝ =
1√
13

1 1 1 1 1 1 1
2 c(1) c(2) c(3) c(4) c(5) c(6)
2 c(2) c(4) c(6) c(5) c(3) c(1)
2 c(3) c(6) c(4) c(1) c(2) c(5)
2 c(4) c(5) c(1) c(3) c(6) c(2)
2 c(5) c(3) c(2) c(6) c(1) c(4)
2 c(6) c(1) c(5) c(2) c(4) c(3)

. (5.1)
Ignoring the first 1 primary, this is just the Haagerup modular data and the only
difference with the affine algebra modular data B6,2 are some signs!
Cartan showed that there is a 14-dimensional Lie group G ⊂ SO(7,C) whose Lie
algebra g has its root system of type G2 (see [B1]). It is interesting that, in his thesis,
Cartan does not describe this group as the subgroup preserving some algebraic structure
on C7. In fact, his original description is in terms of the inner product and a set of
differential equations for curves in C7. What he says is that G is the subgroup of
GL(7,C) that preserves the quadratic form
J = z2 + x1y1 + x2y2 + x3y3 (5.2)
and the system of 7 Pfaffian equations (where (i, j, k) is any even permutation of (1, 2, 3))
zdxi − xidz + yjdyk − ykdyj = 0,
zdyi − yidz + xjdxk − xkdxj = 0,
x1dy1 − y1dx1 + x2dy2 − y2dx2 + x3dy3 − y3dx3 = 0.
Since G preserves a quadratic form on C7, it can not act transitively on P6, the space of
lines in C7. However, Cartan showed that G does act transitively on Q5 ⊂ P6, the space
of J-null lines in C7. Now G does not act transitively on the space of J-null 2-planes in
C7 (a 7-dimensional homogeneous space of SO(7,C)), but it does act transitively on the
5-dimensional space N5 consisting of the J-null 2-planes on which the following 2-forms
vanish (again, (i, j, k) is any even permutation of (1, 2, 3)):
dz ∧ dxi + dyj ∧ dyk = 0,
dz ∧ dyi + dxj ∧ dxk = 0,
dx1 ∧ dy1 + dx2 ∧ dy2 + dx3 ∧ dy3 = 0.
In fact, there exist exactly two maximal parabolic subgroups P1 and P2 in G. The
quotient variety G/P1 is isomorphic to a 5-dimensional quadric Q
5 ⊂ P6, and G/P2 is
a 5-dimensional Fano variety of index 3.
Generalized polygons were introduced by Tits in [T] in order to give a geometric
interpretation for certain simple algebraic groups. More generally, spherical buildings
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provide a beatuiful and uniform geometric interpretation for all simple algebraic groups,
even the exceptional ones. Generalized polygons are exactly the spherical buildings of
rank two, which are also related to the identification of simple groups of finite Morley
rank. Up to duality, there are precisely three generalized polygons, namely the Moufang
polygons associated to the simple Lie groups PGL3, PSp4 and G2. The corresponding
geometric objects: the Pappian projective planes, the symplectic quadrangles and the
split Cayley hexagons share a number of interesting properties and characterizations.
One of them is that they are defined over any field, in particular over any algebraically
closed field. So in certain sense they are the prototypes of the polygons, the universal
examples.
Let K be any field and let H(K) be the split Cayley hexagon over K. We use the
explicit description of H(K) in six-dimensional projective space (see [Ma]). Let H(K)
be embedded in the quadric Q(6, K) with equation
X0X4 +X1X5 +X2X6 = X
2
3 (5.3)
in PG(6, K). The points of H(K) are exactly the points of Q(6, K) and the lines of
H(K) are those lines on Q(6, K) whose Grassmann coordinates satisfy:
p12 = p34, p20 = p35, p01 = p36, p03 = p56, p13 = p64, p23 = p45,
where pij := xiyj − xjyi for the line joining the points with coordinates x and y. This
gives a complete and explicit description for H(K) on the quadric Q(6, K). It is due to
Tits [T]. The reason for that name is that this hexagon can also be constructed using
a split Cayley algebra over K and moreover, the corresponding simple algebraic group
is also split. The split Cayley hexagon is the most important hexagon, it is the main
example, and in fact, the only example for many fields K. The full collineation group
of H(K) is isomorphic to the semi-direct product G2(K) : Aut(K). The split Cayley
hexagons are precisely the generalized hexagons arising from linear trialities (i.e. where
no field automorphism in the triality is involved).
According to [B2], there are very beautiful conjectural relations that the geometry of
G2 have ties in automorphic forms and all kinds of special geometry that, if the physicists
were right, are just waiting there to be seen. But at the moment our techniques are far
too weak to be able to verify that claim.
Now, we find that our invariant quadric
A20 + A1A5 + A2A3 + A4A6 = 0 (5.4)
is just Cartan’s Q5 ⊂ P6, the space of J-null lines in C7, the quotient variety G2/P1
which is isomorphic to a 5-dimensional quadric Q5 ⊂ P6 and the split Cayley hexagon
over C! This shows that these three geometric objects are modular, parameterized by
both Hilbert modular forms and con-congruence modular forms related to Q(ζ). In fact,
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there are five conjugacy classes of finite primitive subgroups of G2(C) (see [CW]). Such
a subgroup is isomorphic to one of PSL2(13), PSL2(8), PGL2(7), U3(3) or G2(2).
6. Fourteen-dimensional representations of PSL(2, 13),
exotic modular equation of degree fourteen and Monster simple group M
Note that the Hurwitz curves of genus 14 are are non-hyperelliptic. Hence, we need
to study their canonical models in P13. There are g(g+ 1)/2− (3g − 3) = 66 quadratic
homogeneous polynomials in 14 variables vanishing identically on the Hurwitz curve of
genus 14. This leads to a fourteen-dimensional representation on P13. Now, we construct
such a representation which is induced from our six-dimensional representation.
We have
− 13
√
13ST ν(z1) · ST ν(z2) · ST ν(z3)
=−
√
−13− 3√13
2
(ζ8νz31 + ζ
7νz32 + ζ
11νz33)−
√
−13 + 3√13
2
(ζ5νz34 + ζ
6νz35 + ζ
2νz36)
−
√
−13 + 2
√
13(ζ12νz21z2 + ζ
4νz22z3 + ζ
10νz23z1)
−
√
−13− 2
√
13(ζνz24z5 + ζ
9νz25z6 + ζ
3νz26z4)
+ 2
√
−13− 2
√
13(ζ3νz1z
2
2 + ζ
νz2z
2
3 + ζ
9νz3z
2
1)
− 2
√
−13 + 2
√
13(ζ10νz4z
2
5 + ζ
12νz5z
2
6 + ζ
4νz6z
2
4)
+ 2
√
−13− 3√13
2
(ζ7νz21z4 + ζ
11νz22z5 + ζ
8νz23z6)+
− 2
√
−13 + 3√13
2
(ζ6νz1z
2
4 + ζ
2νz2z
2
5 + ζ
5νz3z
2
6)+
+
√
−13− 2
√
13(ζ3νz21z5 + ζ
νz22z6 + ζ
9νz23z4)+
+
√
−13 + 2
√
13(ζ10νz2z
2
4 + ζ
12νz3z
2
5 + ζ
4νz1z
2
6)+
+
√
−13 + 3√13
2
(ζ6νz21z6 + ζ
2νz22z4 + ζ
5νz23z5)+
+
√
−13− 3√13
2
(ζ7νz3z
2
4 + ζ
11νz1z
2
5 + ζ
8νz2z
2
6)+
+ [2(θ1 − θ3)− 3(θ2 − θ4)]z1z2z3 + [2(θ4 − θ2)− 3(θ1 − θ3)]z4z5z6+
50 LEI YANG
−
√
−13− 3√13
2
(ζ11νz1z2z4 + ζ
8νz2z3z5 + ζ
7νz1z3z6)+
+
√
−13 + 3√13
2
(ζ2νz1z4z5 + ζ
5νz2z5z6 + ζ
6νz3z4z6)+
− 3
√
−13− 3√13
2
(ζ7νz1z2z5 + ζ
11νz2z3z6 + ζ
8νz1z3z4)+
+ 3
√
−13 + 3√13
2
(ζ6νz2z4z5 + ζ
2νz3z5z6 + ζ
5νz1z4z6)+
−
√
−13 + 2
√
13(ζ10νz1z2z6 + ζ
4νz1z3z5 + ζ
12νz2z3z4)+
+
√
−13− 2
√
13(ζ3νz3z4z5 + ζ
9νz2z4z6 + ζ
νz1z5z6).
This leads us to define the following senary cubic forms (cubic forms in six variables):
D0 = z1z2z3,
D1 = 2z2z
2
3 + z
2
2z6 − z24z5 + z1z5z6,
D2 = −z36 + z22z4 − 2z2z25 + z1z4z5 + 3z3z5z6,
D3 = 2z1z
2
2 + z
2
1z5 − z4z26 + z3z4z5,
D4 = −z22z3 + z1z26 − 2z24z6 − z1z3z5,
D5 = −z34 + z23z5 − 2z3z26 + z2z5z6 + 3z1z4z6,
D6 = −z35 + z21z6 − 2z1z24 + z3z4z6 + 3z2z4z5,
D7 = −z32 + z3z24 − z1z3z6 − 3z1z2z5 + 2z21z4,
D8 = −z31 + z2z26 − z2z3z5 − 3z1z3z4 + 2z23z6,
D9 = 2z
2
1z3 + z
2
3z4 − z25z6 + z2z4z6,
D10 = −z1z23 + z2z24 − 2z4z25 − z1z2z6,
D11 = −z33 + z1z25 − z1z2z4 − 3z2z3z6 + 2z22z5,
D12 = −z21z2 + z3z25 − 2z5z26 − z2z3z4,
D∞ = z4z5z6.
(6.1)
Let
r0 = 2(θ1 − θ3)− 3(θ2 − θ4), r∞ = 2(θ4 − θ2)− 3(θ1 − θ3),
and
r1 =
√
−13− 2
√
13, r2 =
√
−13 + 3√13
2
, r3 =
√
−13 + 2
√
13, r4 =
√
−13− 3√13
2
.
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Then
− 13
√
13ST ν(D0)
=r0D0 + r1ζ
νD1 + r2ζ
2νD2 + r1ζ
3νD3 + r3ζ
4νD4 + r2ζ
5νD5 + r2ζ
6νD6+
+ r4ζ
7νD7 + r4ζ
8νD8 + r1ζ
9νD9 + r3ζ
10νD10 + r4ζ
11νD11 + r3ζ
12νD12 + r∞D∞.
−13
√
13S(D∞) =r∞D0 − r3D1 − r4D2 − r3D3 + r1D4 − r4D5 − r4D6+
+ r2D7 + r2D8 − r3D9 + r1D10 + r2D11 + r1D12 − r0D∞.
Moreover, we have
−13
√
13S(D1) =13r1D0 + q1D1 + q2D2 + q3D3 + q4D4 + q5D5 + q6D6+
+ q7D7 + q8D8 + q9D9 + q10D10 + q11D11 + q12D12 − 13r3D∞,
where
q1 = −2(ζ − ζ12)− 2(ζ5 − ζ8) + 6(ζ3 − ζ10)− (ζ2 − ζ11) + 4(ζ9 − ζ4) + 2(ζ6 − ζ7),
q2 = −4(ζ − ζ12) + 3(ζ5 − ζ8) + 3(ζ3 − ζ10)− (ζ2 − ζ11)− 2(ζ9 − ζ4),
q3 = 6(ζ − ζ12)− (ζ5 − ζ8) + 4(ζ3 − ζ10) + 2(ζ2 − ζ11)− 2(ζ9 − ζ4)− 2(ζ6 − ζ7),
q4 = −2(ζ − ζ12) + 4(ζ5 − ζ8) + 2(ζ3 − ζ10)− 2(ζ2 − ζ11) + (ζ9 − ζ4) + 6(ζ6 − ζ7),
q5 = −2(ζ − ζ12)− 4(ζ3 − ζ10) + 3(ζ2 − ζ11) + 3(ζ9 − ζ4)− (ζ6 − ζ7),
q6 = 3(ζ − ζ12)− (ζ5 − ζ8)− 2(ζ3 − ζ10)− 4(ζ9 − ζ4) + 3(ζ6 − ζ7),
q7 = (ζ − ζ12) + 3(ζ5 − ζ8)− 2(ζ2 − ζ11)− 3(ζ9 − ζ4)− 4(ζ6 − ζ7),
q8 = −2(ζ5 − ζ8)− 3(ζ3 − ζ10)− 4(ζ2 − ζ11) + (ζ9 − ζ4) + 3(ζ6 − ζ7),
q9 = 4(ζ − ζ12) + 2(ζ5 − ζ8)− 2(ζ3 − ζ10)− 2(ζ2 − ζ11) + 6(ζ9 − ζ4)− (ζ6 − ζ7),
q10 = (ζ − ζ12) + 6(ζ5 − ζ8)− 2(ζ3 − ζ10) + 4(ζ2 − ζ11) + 2(ζ9 − ζ4)− 2(ζ6 − ζ7),
q11 = −3(ζ − ζ12)− 4(ζ5 − ζ8) + (ζ3 − ζ10) + 3(ζ2 − ζ11)− 2(ζ6 − ζ7),
q12 = 2(ζ − ζ12)− 2(ζ5 − ζ8) + (ζ3 − ζ10) + 6(ζ2 − ζ11)− 2(ζ9 − ζ4) + 4(ζ6 − ζ7).
(6.2)
Similarly, we obtain
−13
√
13S(D2) =26r2D0 + 2q2D1 − q4D2 + 2q6D3 + 2q8D4 − q10D5 − q12D6+
+ q1D7 + q3D8 + 2q5D9 + 2q7D10 + q9D11 + 2q11D12 − 26r4D∞.
−13
√
13S(D3) =13r1D0 + q3D1 + q6D2 + q9D3 + q12D4 + q2D5 + q5D6+
+ q8D7 + q11D8 + q1D9 + q4D10 + q7D11 + q10D12 − 13r3D∞,
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−13
√
13S(D4) =13r3D0 + q4D1 + q8D2 + q12D3 − q3D4 + q7D5 + q11D6+
− q2D7 − q6D8 + q10D9 − q1D10 − q5D11 − q9D12 + 13r1D∞,
−13
√
13S(D5) =26r2D0 + 2q5D1 − q10D2 + 2q2D3 + 2q7D4 − q12D5 − q4D6+
+ q9D7 + q1D8 + 2q6D9 + 2q11D10 + q3D11 + 2q8D12 − 26r4D∞.
−13
√
13S(D6) =26r2D0 + 2q6D1 − q12D2 + 2q5D3 + 2q11D4 − q4D5 − q10D6+
+ q3D7 + q9D8 + 2q2D9 + 2q8D10 + q1D11 + 2q7D12 − 26r4D∞.
−13
√
13S(D7) =26r4D0 + 2q7D1 + q1D2 + 2q8D3 − 2q2D4 + q9D5 + q3D6+
+ q10D7 + q4D8 + 2q11D9 − 2q5D10 + q12D11 − 2q6D12 + 26r2D∞.
−13
√
13S(D8) =26r4D0 + 2q8D1 + q3D2 + 2q11D3 − 2q6D4 + q1D5 + q9D6+
+ q4D7 + q12D8 + 2q7D9 − 2q2D10 + q10D11 − 2q5D12 + 26r2D∞.
−13
√
13S(D9) =13r1D0 + q9D1 + q5D2 + q1D3 + q10D4 + q6D5 + q2D6+
+ q1D7 + q7D8 + q8D9 + q12D10 + q8D11 + q4D12 − 13r3D∞,
−13
√
13S(D10) =13r3D0 + q10D1 + q7D2 + q4D3 − q1D4 + q11D5 + q8D6+
− q5D7 − q2D8 + q12D9 − q9D10 − q6D11 − q3D12 + 13r1D∞,
−13
√
13S(D11) =26r4D0 + 2q11D1 + q9D2 + 2q7D3 − 2q5D4 + q3D5 + q1D6+
+ q12D7 + q10D8 + 2q8D9 − 2q6D10 + q4D11 − 2q2D12 + 26r2D∞.
−13
√
13S(D12) =13r3D0 + q12D1 + q11D2 + q10D3 − q9D4 + q8D5 + q7D6+
− q6D7 − q5D8 + q4D9 − q3D10 − q2D11 − q1D12 + 13r1D∞.
Hence, we get the element Ŝ which is induced from the action of S on the basis
(D0, · · · ,D∞):
Ŝ = − 1
13
√
13
(
S1 S2
S3 S4
)
, (6.3)
with
S1 =

r0 r1 r2 r1 r3 r2 r2
13r1 q1 q2 q3 q4 q5 q6
26r2 2q2 −q4 2q6 2q8 −q10 −q12
13r1 q3 q6 q9 q12 q2 q5
13r3 q4 q8 q12 −q3 q7 q11
26r2 2q5 −q10 2q2 2q7 −q12 −q4
26r2 2q6 −q12 2q5 2q11 −q4 −q10

, (6.4)
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S2 =

r4 r4 r1 r3 r4 r3 r∞
q7 q8 q9 q10 q11 q12 −13r3
q1 q3 2q5 2q7 q9 2q11 −26r4
q8 q11 q1 q4 q7 q10 −13r3
−q2 −q6 q10 −q1 −q5 −q9 13r1
q9 q1 2q6 2q11 q3 2q8 −26r4
q3 q9 2q2 2q8 q1 2q7 −26r4

, (6.5)
S3 =

26r4 2q7 q1 2q8 −2q2 q9 q3
26r4 2q8 q3 2q11 −2q6 q1 q9
13r1 q9 q5 q1 q10 q6 q2
13r3 q10 q7 q4 −q1 q11 q8
26r4 2q11 q9 2q7 −2q5 q3 q1
13r3 q12 q11 q10 −q9 q8 q7
r∞ −r3 −r4 −r3 r1 −r4 −r4

, (6.6)
S4 =

q10 q4 2q11 −2q5 q12 −2q6 26r2
q4 q12 2q7 −2q2 q10 −2q5 26r2
q11 q7 q3 q12 q8 q4 −13r3
−q5 −q2 q12 −q9 −q6 −q3 13r1
q12 q10 2q8 −2q6 q4 −2q2 26r2
−q6 −q5 q4 −q3 −q2 −q1 13r1
r2 r2 −r3 r1 r2 r1 −r0

. (6.7)
Similarly, the element T̂ is induced from the action of T on the basis (D0, · · · ,D∞):
T̂ = diag(1, ζ, ζ2, ζ3, ζ4, ζ5, ζ6, ζ7, ζ8, ζ9, ζ10, ζ11, ζ12, 1). (6.8)
We have
Tr(Ŝ) = 0, Tr(T̂ ) = 1, Tr(ŜT̂ ) = −2. (6.9)
Hence, this fourteen-dimensional representation corresponds to the character χ15 in
Table 1. It is defined over the cyclotomic field Q(ζ).
Let
δ∞(z1, z2, z3, z4, z5, z6) = 132(z21z
2
2z
2
3 + z
2
4z
2
5z
2
6) (6.10)
and
δν(z1, z2, z3, z4, z5, z6) = δ∞(ST ν(z1, z2, z3, z4, z5, z6)) (6.11)
for ν = 0, 1, · · · , 12. Then
δν = 13
2ST ν(G0) = −13G0 + ζνG1 + ζ2νG2 + · · ·+ ζ12νG12, (6.12)
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where the senary sextic forms (i.e., sextic forms in six variables) are given as follows:
G0 = D
2
0 + D
2
∞,
G1 = −D27 + 2D0D1 + 10D∞D1 + 2D2D12 − 2D3D11 − 4D4D10 − 2D9D5,
G2 = −2D21 − 4D0D2 + 6D∞D2 − 2D4D11 + 2D5D10 − 2D6D9 − 2D7D8,
G3 = −D28 + 2D0D3 + 10D∞D3 + 2D6D10 − 2D9D7 − 4D12D4 − 2D1D2,
G4 = −D22 + 10D0D4 − 2D∞D4 + 2D5D12 − 2D9D8 − 4D1D3 − 2D10D7,
G5 = −2D29 − 4D0D5 + 6D∞D5 − 2D10D8 + 2D6D12 − 2D2D3 − 2D11D7,
G6 = −2D23 − 4D0D6 + 6D∞D6 − 2D12D7 + 2D2D4 − 2D5D1 − 2D8D11,
G7 = −2D210 + 6D0D7 + 4D∞D7 − 2D1D6 − 2D2D5 − 2D8D12 − 2D9D11,
G8 = −2D24 + 6D0D8 + 4D∞D8 − 2D3D5 − 2D6D2 − 2D11D10 − 2D1D7,
G9 = −D211 + 2D0D9 + 10D∞D9 + 2D5D4 − 2D1D8 − 4D10D12 − 2D3D6,
G10 = −D25 + 10D0D10 − 2D∞D10 + 2D6D4 − 2D3D7 − 4D9D1 − 2D12D11,
G11 = −2D212 + 6D0D11 + 4D∞D11 − 2D9D2 − 2D5D6 − 2D7D4 − 2D3D8,
G12 = −D26 + 10D0D12 − 2D∞D12 + 2D2D10 − 2D1D11 − 4D3D9 − 2D4D8.
(6.13)
We have that G0 is invariant under the action of 〈H, T 〉, the maximal subgroup of order
78 of G with index 14. Note that δ∞, δν for ν = 0, · · · , 12 form an algebraic equation
of degree fourteen. However, we have δ∞ +
∑12
ν=0 δν = 0. Hence, it is not the Jacobian
equation of degree fourteen! We call it exotic modular equation of degree fourteen. We
have
δ2∞ +
12∑
ν=0
δ2ν = 26(7 · 132G20 +G1G12 +G2G11 + · · ·+G6G7). (6.14)
Let us recall some basic fact about the Monster finite simple group M (see [CN]). For
each prime p with (p−1)|24 there is a conjugacy class of elements ofM, with centraliser
of form p1+2d.Gp, where p.Gp is the centraliser of a corresponding automorphism of the
Leech Lattice. The symbol p1+2d denotes an extraspecial p-group, and 2d = 24/(p− 1).
Some maximal p-local subgroups of M are given as follows (see [CC]):
p structure specification
2 21+24+ · Co1 N(2B)
3 31+12+ · 2Suz : 2 N(3B)
5 51+6+ : 4J2 · 2 N(5B)
7 71+4+ : (3× 2S7) N(7B)
13 131+2+ : (3× 4S4) N(13B)
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and
p structure specification
2 22.211.222.(S3 ×M24) N(2B2)
3 32.35.310.(M11 × 2S4) N(3B2)
5 52.52.54.(S3 ×GL2(5)) N(5B2)
7 72.7.72 : GL2(7) N(7B
2)
13 132 : 4L2(13) · 2 N(13B2)
We will study the relation between genus-zero subgroups (both congruence subgroups
and non-congruence subgroups) of the modular group and subgroups of the Monster
simple group. In particular, we are interested in Γ0(13) and Γ7,7, the quotient groups
Γ/Γ(13) ∼= Γ/Gi ∼= PSL(2, 13) for i = 1, 2, 3. Note that
M := 7 · 132G20 +G1G12 +G2G11 + · · ·+G6G7 = 0 (6.15)
is a 12-dimensional PSL(2, 13)-invariant complex algebraic variety (i.e., 24-dimensional
manifold) of degree 4 in the projective space P13 = {(D0,D1, · · · ,D12,D∞)}, which is
related to N(13B2), a maximal p-local subgroup of M. In fact, both PSL(2, 13) and M
are Hurwitz groups.
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